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Abstract: Using the AdS/CFT correspondence, we examine entanglement entropy 
for a boundary theory deformed by a relevant operator and establish two results. The 
first is that if there is a contribution which is logarithmic in the UV cut-off, then the 
coefficient of this term is independent of the state of the boundary theory. In fact, 
the same is true of all of the coefficients of contributions which diverge as some power 
of the UV cut-off. Secondly, we show that the relevant deformation introduces new 
logarithmic contributions to the entanglement entropy. The form of some of these 
new contributions is similar to that found recently in an investigation of entanglement 
entropy in a free massive scalar field theory [ffl. 
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1. Introduction 

Entanglement entropy was first considered in the context of the AdS/CFT correspon- 
dence by Ryu and Takayanagi 0, ^. They provided a simple conjecture for calculating 
holographic entanglement entropy. In the d-dimensional boundary field theory, the en- 
tanglement entropy between a spatial region V and its complement V is given by the 
following expression in the ((i-l-l)-dimensional bulk spacetime: 

S{V) = ^^ e^i[A{v)] (1.1) 
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where v ^ V indicates that f is a bulk surface that is homologous to the boundary region 
In particular, the boundary of v matches the 'entangling surface' dV in the 
boundary geometry. The symbol 'ext' indicates that one should extremize the area over 
all such surfaces v} Implicitly, eq. ( |1.1| ) assumes that the bulk physics is described by 
(classical) Einstein gravity and we have adopted the convention: ^p~^ = SttGn Hence 
we may observe the similarity between this expression (|1 . ID and that for black hole 



entropy. While this proposal passes a variety of consistency tests, e.g., see 0, ||, 
there is no general derivation of this holographic formula ( p. . 1|) . However, a derivation 
has recently been provided for the special case of a spherical entangling surface in [0. 
One aspect of entanglement entropy (EE), which eq. (IJ.) reproduces, is that this 



quantity diverges and so it is only well-defined with the introduction of a short- distance 
cut-off 5 in the boundary field theory. Generically, the leading term obeys an 'area law,' 
being proportional to where Ad-2 denotes the area of the entangling surface 

in the boundary theory. While the coefficient of this divergent contribution is sensitive 
to the details of the UV regulator, universal data characterizing the underlying field 
theory can be found in subleading contributions. In particular, in a conformal field 
theory (CFT) with even ci, one typically finds a logarthmic term \og{R/5) where R is 
some macroscopic scale characterizing the size of the region V . The coefficient of this 
logarithmic contribution is a certain linear combination of the central charges appearing 
in the trace anomaly of the CFT. The precise details of the linear combination will 
depend on the geometry of the background spacetime and of the entangling surface 

iiSi- 

A similar class of universal contributions were recently identified in a calculation 
with a free massive scalar field [^.^ In particular, considering the scalar field theory (in 
a 'waveguide' geometry) with an even number of spacetime dimensions, a logarithmic 
contribution to the EE appears with the form 

^univ = -Id Ad-2 /"^ log(/i(5) , (1.2) 

where is the mass of the scalar and 7^ is a numerical factor depending on the spacetime 
dimension.^ While this calculation is simplified by having a free field theory, one 
would still characterize the mass term as being a relevant operator. That is, the mass 
dominates the physics of the scalar theory at low energies but it leaves the leading UV 
properties unchanged, e.g., the area law contribution to the EE would not be affected. 



^We are using 'area' to denote the ((i-l)-dimensional volume of v. If cq. {lA) is calculated in a 
Minkowski signature background, the extremal area is only a saddle point. However, if one first Wick 
rotates to Euclidean signature, the extremal surface will yield the minimal area. 

^See for related results in d = 4. 

3To be precise, 7^ = {-)^[&{An)^T{d/2)]-^ §. 
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With this perspective, one is led to examine a natural strong coupling analog of 
this calculation using holography. In particular, with the standard AdS/CFT dictionary 
[]TT| , we can introduce a relevant deformation of the boundary field theory by turning on 
a (tachyonic) scalar field in the bulk. Asymptotically the bulk geometry still approaches 
an AdS spacetime reflecting the fact that the boundary theory still behaves as a CFT 
in the far UV. However, the details of the bulk geometry are changed by the back- 
reaction of the scalar field and so this naturally introduces the possibility that applying 
eq. ( |1.1|) in this geometry will yield new universal contributions of the form given above. 
In fact, our holographic calculations reveal a general class of logarithmic contributions 
which can appear with a relevant deformation. Schematically, they take the form of an 
integral over the entangling surface dV: 



where n < {d — 2)/2 , ^ is the mass scale appearing in the coupling of the new relevant 
operator. Hat is the induced metric on dV and [R, K]^ denotes various combinations 
of the curvatures with a combined dimension 2n. Both the curvature of the back- 
ground geometry or the extrinsic curvature of the entangling surface may enter these 
expressions. The coefficients 7^ depend on the details of the underlying field theory 
and provide universal information characterizing this theory. For an even-dimensional 
CFT, only the contributions with n = (rf — 2)/2 appear (and in the logarithm would 
be replaced by a scale in the geometry) and the coefficients 7, are proportional to the 
central charges of the CFT |^. Of course, for n = 0, there is a single contribution 
which matches that appearing in eq. ( p.. 21 ). 

One feature which is typically implicit in calculations of entanglement entropy is 
that the QFT is in its vacuum state. However, it is further assumed that the coeffi- 
cients appearing in these logarithmic contributions are 'universal,' including that they 
are independent of the state of the underlying QFT. For example, calculating the en- 
tanglement entropy in a thermal bath would yield precisely the same result as in the 
vacuum state. While this feature is relatively 'obvious' and can be confirmed with 
explicit calculations, a rigorous proof is lacking. The basic idea is that the properties 
of the state will not modify the UV properties of the theory. One of our results in the 
following will be to demonstrate that the logarithmic contributions are in fact indepen- 
dent of the state in a holographic setting. Further our analysis makes clear that the 
coefficient of these contributions is a local functional of the geometry of the background 
in which the boundary theory resides and of the entangling surface. 

An overview of the paper is as follows: We begin in section ^ by demonstrating 
that the coefficient of any logarithmic contribution is independent of the state of the 




(1.3) 
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boundary theory. Our first discussion in this section considers the boundary theory 
being a pure CFT but in section pTI] , we show that this result extends to the case where 
the boundary theory is deformed by a relevant operator. In fact our conclusion is that in 
general any UV divergent terms involve local functionals of the geometry and couplings 
of the boundary theory. An additional feature which our analysis reveals is that new 
universal contributions to the entanglement entropy can arise from the presence of 
the relevant deformation. Hence in the subsequent sections, we present some explicit 
examples where such logarithmic contributions are calculated. We begin in section |^ 
by considering fiat and spherical entangling surfaces with the boundary theory in a 
fiat background. This exercise demonstrates that, as well as terms of the form (1.2), 



there are also universal contributions where the mass scale of the relevant deformation 
combines with the curvature of the entangling surface, as shown in eq. ( |1.3| ). In section 
^ we investigate the latter contributions further by considering examples where the 
background in which the boundary theory resides is curved, e.g., RxS'^~^ and RxH'^~^. 
In section ^, we extend the approach of |]12[| to properly identify the precise structure 
of these contributions in the leading case. We conclude with a discussion of our brief 
results, in section ^ Finally, in appendix 0, we present a holographic calculation which 
explicitly shows that the constant terms, which are often interpreted as universal, in 
odd dimensions do indeed depend on the state of the boundary theory. 

2. Universality with a Boundary CFT 

In this section, we establish that the logarithmic contribution to the entanglement 
entropy (EE) is independent of the state of the boundary field theory in the AdS/CFT 
correspondence. To begin, we consider the case where the boundary theory is purely 
a conformal field theory. We must then also choose the boundary dimension to be 
even,^ since for a CFT, it is only in this case that a logarithmic contribution arises in 
the EE. It has been shown that the coefficient of this term is related to the central 
charges appearing in the trace anomaly H, |] — see also the discussion in 0. 



Implicitly, the calculations establishing this connection are made in the vacuum of the 
corresponding CFT and so here we are establishing that, at least in a holographic 
framework, the result is independent of the state of the CFT. Our present observation 
comes as a simple extension of the holographic calculations in . There our holographic 
calculations were able to reproduce the precise expression for the logarithmic term in 



^However, our discussion here will consider both odd and even d because both are germane when 
a relevant deformation is introduced in the next subsection. We comment further on the case of odd 
d in appendix 
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the EE for a general entangling surface in a four-dimensional CFT, matching that which 
was originally determined in [§. 

Let us begin by denoting the spacetime dimension of the boundary theory as d and 
hence the dual gravity theory has d+1 dimensions.^ In the AdS/CFT correspondence, 
the bulk geometry asymptotically approaches anti-de Sitter space for any generic state 
of the boundary theory. This asymptotic geometry can then be described with the 



ds^ = — Y + Z dx'^dx^ , (2. 1) 



Fefferman-Graham expansion, as follows — see also 

L2 dp^ 1 

where L is the AdS curvature scale. The asymptotic boundary is approached with 
p — 7- and gij{x,p) admits a series expansion in the (dimensionless) radial coordinate 

P 

(0) . (1) • r, (2) 

gij{x, p) = + p 9^j{x') + p2 9ij{x') (2.2) 

+ + 9.,ix^)+p'/Hogp f^^{x^) + 0{p+). 

The leading term corresponds to the metric on which the boundary CFT resides. As 



shown in eq. (|2.2|) , the first few terms fall into a Taylor series expansion but this simple 
form breaks down at order p'^/^. In particular, for even ci, a logarithmic term appears 
at this order while for odd d, non-integer powers of p begin to make an appearance 
— no logarithmic term appears for odd d. With this choice of coordinate system, the 



expectation value of the boundary stress-energy tensor becomes [O, [16 



d (d/2) ~ (n) 

(^^.) = ^^ 9.,+X,,[9]. (2.3) 
where Xij denotes the contribution coming from the conformal anomaly. Hence this 

(ri) 

term vanishes for odd rf, while for even it is determined by coefficients gij with 



n < d/2. 
In sc 

independent boundary data needed to determine the bulk spacetime. As noted above 



In solving the bulk Einstein equations, both ^gij and ^ glj can be regarded as the 



^Our notation is essentially the same as that established in Explicitly then, our index conven- 
tions are as follows: Directions in the full (AdS) geometry are labeled with letters from the second 
half of the Greek alphabet, i.e., /j,, z/, p, • • • . Letters from the 'second' half of the Latin alphabet, i.e., 
i,j, k, ■ ■ ■ , correspond to directions in the background geometry of the boundary CFT. Frame indices 
are denoted by a hat, i.e., Meanwhile, directions along the entangling surface in the boundary are 
denoted with letters from the beginning of the Latin alphabet, i.e., a,b,c, ■ ■ ■ , and directions along the 
corresponding bulk surface are denoted with letters from the beginning of the Greek alphabet, i.e., 
a,^,7, • • • . 
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the first fixes the boundary metric while the second determines the boundary stress 
tensor. That is, ^ glji^x) is related to the state of the boundary CFT. Further, we 

(n) 

note that the coefficients gij{x) with < n < (i/2 are completely fixed in terms of 
the boundary metric '^gij. More precisely, by expanding the gravitational equations of 
motion near the boundary, one solves for each of these coefficients in terms of the lower 



order terms in the expansion ( |2.2| ) — see section |2.1| for more details. For example (as 
long as (i > 2), one finds [Q: 



where Rij and R are the Ricci tensor and Ricci scalar constructed with the bound- 
ary metric ^gij. An alternative approach was presented in [|1^. There the authors 
showed that these coefficients are almost completely fixed by conformal symmetries at 
the boundary.^ This method examines the effect of Penrose-Brown-Henneaux (PBH) 
transformations, the subgroup of bulk diffeomorphisms which generate Weyl trans- 
formations of the boundary metric. Consistency of the PBH transformations on the 
asymptotic expansion ( p.2|) essentially determines all of the coefficients up to order 
n < d/2 — see section |^ for further details. This approach also makes clear that these 
coefficients can be expressed as covariant tensors constructed from curvatures of the 
boundary metric (as well as covariant derivatives of these), as illustrated in eq. ( p.4|) . 

(n) 

Further, one finds that the resulting expression for gij{x) contains 2n derivatives. 



As these coefficients in the asymptotic geometry (|2.2|) depend only on the boundary 
metric '^gij and are completely independent of the state of the boundary CFT, we refer 
to them as the 'fixed boundary data.' Hence, if the logarithmic contribution to the EE 
is independent of the state, we must demonstrate that in our holographic calculations 
of the EE (for even ci), this contribution depends only on this fixed boundary data and 
is independent of any coefficients gij with n> d/2. 

The holographic EE is determined by evaluating eq. (1^) and hence the structure of 
the result, i.e., the coefficient of the logarithmic contribution, depends on the geometry 
of the extremal surface v. Hence, as well as the bulk geometry (|2.2| ), we must also 
consider the embedding of the corresponding {d— l)-dimensional surface in the {d + 1)- 
dimensional bulk geometry. This embedding may be described by = X^(?/",r), 
where = {x\ p} are the bulk coordinates and a" = {y", t} are the coordinates on 
surface m (with a = 1, .., d — 2) - recall our conventions from footnote |^. The induced 
metric on the bulk surface is then given by 

ha^= do.X^'dpX'' g^,[X] , (2.5) 

^These calculations leave some small ambiguity that must still be fixed by the equations of motion. 
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where g^^ denotes the full {d + l)-dimensional bulk metric. 

The calculations below are simplified somewhat if we fix reparameterizations of the 
coordinates on v with the following gauge choices (as in [|1^]) 



p and har = . (2.6) 



Now following one finds that the remaining embedding functions X^{y^,T) are 
then described by the following series expansion'' for small p: 

(0). (1). „ (2). 

X*(y",p) = r{yn + T r{yn + riv") (2.7) 
+ ■ ■ ■ + t'^I'' X^y") + r^/' logr y'^y'^) + 0{t^) . 

Essentially the form of this expansion matches that for the bulk metric in eq. ( ^.2| ). The 

(0) 

first term X*(?/") describes the position of dv in the boundary of the asymptotically AdS 
space. That is, this matches the position of the entangling surface dV in the boundary 



metric '^g ^Ax). Here as in eq. (|2.2|), the simple Taylor series expansion appearing for 



the first few terms breaks down at order p'^/'^. Again, for even (i, a logarithmic term 
appears at this order while for odd rf, non-integer powers of p begin to appear — no 
logarithmic term appears for odd d. This expansion (|2.7|) is constructed in detail by 
solving the local equations of motion for X^{y°', r) which extremize the area of the bulk 



surface v [0 — see section ^TT] for more details. In solving these equations, the full 

(0) (d/2) 

surface is determined by independently fixing both X*(?/") and X*(?/"). In particular, 
the latter data would be chosen to ensure that the surface v closes off smoothly in the 
interior of the asymptotically AdS space. As the equations are solved iteratively order 

by order in r, the coefficients X^{y°') with n < d/2 are completely determined as local 

(0) 

functionals of X^{y"-) and g In particular then, these terms are independent of the 
state of the boundary CFT. Hence in discussing the extremal surface m, we extend the 

(n) 

meaning of the 'fixed boundary data' to include both g and X^{y"-) with n < d/2. 

As a further note, we add that these leading contributions for the embedding 
functions can again be determined with the application of PBH transformations |T2[ 



— see section ^ for more details. We also comment that the analysis in refs. |]T^ [T2| 
was more general in considering extremal bulk submanifolds ending on a boundary 
surface with an arbitrary dimension k. In general, they found that the second set of 
independent coefficients entered the expansion of the embedding functions at order 



^The gauge condition (2.6) is not the same as in however, the general structure of the asymp- 



totic expansion (2.7) remains unaltered in both cases. 



-7- 



^(fc+2)/2_ jjg]2ce it is only for k = d — 2, the case of present interest, that the form of 
the expansion ( p.7| ) matches the metric expansion (|2.2|) . 



Given the expansions of the bulk metric (|2.2|) and the embedding functions ( p.7D , 
the induced metric (|2.5|), compatible with the gauge choice (|2.6| ), can also be expanded 
in the vicinity of the AdS boundary 

/ (1) \ , 1 / (0) (1) \ , , 

hrr = ^[l+hrrr+---), Kb = - i h ab+ k ab T + ■ ■ ■ j . (2.8) 

(0) 

Note that hab = Hab, i-e., it is precisely the induced metric on the entangling surface dV 
as evaluated in the boundary CFT. A crucial feature emerging from this perturbative 

(n) 

construction is that the coefficients ha[s depend only on the fixed boundary data for 



(0). (0) 

n < d/2, i.e., they are completely determined by X'-{y°-) and g^,. Now in calculating 



the holographic EE (|1.1|) , we must evaluate the area 

A{v) = J^d'-'aVh = J^d''-'ydr^\fd^ l+(^h^^+h^' hab^l + -- 

(2.9) 

The integral over the radial direction r extends down to an asymptotic regulator surface 
at Tmin = Pmin = 5"^ / L"^ whcrc 5 is a short distance cut-off in the boundary theory. We 
are interested in the appearance of a logarithmic contribution of the form log 5, hence we 
must carry out the expansion in the bracketed expression to order r^~, which produces 
the term in the integral with an overall power 1/r. The explicit term appearing at 
this order for general d would be quite complicated. However, for our purposes, it 

(n) 

suffices to know that this term will involve coefficients h^p with n < {d — 2)/2. Hence 
this logarithmic contribution to the holographic EE is completely determined by the 
fixed boundary data. That is, we do not require the state dependent coefficient ^ g \j, 
nor details of the shape of the extremal surface v beyond what is determined by the 

(0) 

boundary geometry g and X*(|/"). We also observe that, as expected, there is no term 
at the appropriate order in eq. ( p. 91) to produce a logarithmic contribution in the case of 
odd d. Further, our analysis above shows that all of the divergent contributions to the 
holographic EE will only depend on this fixed boundary data, i.e., these contributions 

(0) 

are completely determined as local functionals of g and X*(?/"). 
2.1 Universality with a Relevant Deformation 

Motivated by the recent results in 0], we wish to consider how the holographic EE 
is modified by the introduction of a mass term in the boundary theory. For example. 
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a scalar mass term would deform the boundary theory by an operator of dimension 
A = d — 2 while a fermion mass term would introduce a deformation of dimension 
A = d — 1. Our analysis here will be more general and consider modifications of 
holographic EE when the boundary theory is deformed by a general relevant (scalar) 
operator with A < rf. The dual of such a scalar operator will be a scalar field in the 
bulk. Hence our starting point is the following bulk action where we have Einstein 
gravity coupled to a scalar field 



1 



where 



(2.10) 



F($) = - \, + ^rn'<^' + ' + 0($^) . (2.11) 

Now a relevant operator primarily affects the IR properties of the theory but has an 
insignificant effect in the UV regime. In the present holographic framework then, the 
dual bulk geometry still approaches AdS space in the presence of the relevant operator. 
Hence we consider the background geometry which asymptotically approaches AdS^+i 
in Graham- Fefferman coordinates as in eq. ( |2.1| ), 



ds^ = — + - gij {x, p) dx'dx^ . (2.12) 



L2 dp^ 1 

Of course, with $ = 0, the vacuum solution in the bulk will be precisely AdS^+i, as 
described in the previous section. In general, the boundary theory's metric is still 
given by gij{x,p = 0) = '^g\j, however, as we will see below, the details of the small-p 
expansion will change with $ 7^ 0. If we turn on the scalar as a probe field in this 
background, the scalar has two independent solutions asymptotically 



$~p^-/20(o)+p^+/V^-f), (2.13) 

where 

A± = ^±y^ + ^. (2.14) 

The standard approach is to interprete the conformal dimension of the dual operator 
as A = A_|_. Then, the leading coefficient of the more slowly decaying solution, (f)^^\ is 
interpreted as the coupling for the dual operator in the boundary theory, while 
yields the expectation value of this operator as [|18| ^ 

(C(x)) = (2A-rf)0(^-f)(x). (2.15) 



^In general, additional contributions may appear on the right-hand side involving c/)'^"-' with n < 
- 1. These terms are 1 
stress-energy tensor [|5| . 



A — I . These terms are related to contact terms in correlation functions of O with itself and with the 
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Since we wish to consider a relevant operator in the boundary theory, eq. ( p.l4|) requires 
that < for the bulk scalar and then, in fact, both of the modes in eq. ( p.l3|) decay 
asymptotically (as p — )■ 0). Note that this approach allows us to study A > d/2 and 
we must an 'alternative quantization' to study operators of lower dimension [0. We 
return to this issue in the discussion in section ^. 

While eq. ( |2.13| ) was derived in the probe approximation, we will see below that the 
powers appearing in the asymptotic scalar expansion do not change when we consider 
the fully back-reacted solution. The latter arises because we are considering a relevant 
operator with A < d!^ Hence even in the full nonlinear analysis of the equations of 
motion, $ — )■ as p — )■ and so the scalar remains a small perturbation asymptotically. 
Hence the leading power in the small-p expansion of the scalar field is p"''^ with a = A_ 
and 

0<a<-. (2.16) 

Here, the upper limit on a is the BF bound while the lower limit is simple the require- 
ment that A < (i. 

Let us now turn to holography with the fully back-reacted solutions of the Einstein- 
scalar theory ( |2.1CI| ). This construction is discussed in some detail in [|1^] and we follow 
their discussion below. The Einstein equations can be expressed as 



1_„ . 1 
2' 



R,u = TT^M-f 5.<f + -^G,,V{^) , (2.17) 



and the scalar wave equation is 

-^8,(^G-a„t)-^^=0. (2.18) 

Now we write the scalar field as 

$(x,p)=p"/2 0(a;,p) (2.19) 
where we have extracted the leading asymptotic decay for this field. Combining this 



^In the case of a marginal operator with A = d, the boundary theory remains a CFT and so the 
resuhs regarding the holographic EE are unchanged from our previous discussion. 
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form with the metric ansatz ( p.l2| ), the Einstein equations (|2.17|) yield [|15] 



p {2g'r - 2g[„g^^g[^ + g^'g'k.g'i,) + L'R^.lg] - {d - 2)g',j - g'''gieg^J = 
V. {g''gie) - ^'g'n = P'^L [<P' + ^0 d^^ (2.20) 



1 / 2 

p 4p^ 



where the primes denote differentiation with respect to p and Vi is the covariant deriva- 
tive constructed from the metric gij{x^p). Further Rij\g\ in the first hne above denotes 
the Ricci tensor calculated for the rf- dimensional metric (/^(x, p), treating p as an extra 
parameter — in particular then, this is not just the boundary Ricci tensor calculated 
with '^ij. Meanwhile the scalar wave equation becomes 



= p0"+ (« + 1 - 0' + ^9,log(-<7) (|0 + p0') +^n,0-^pt-V' + O(p° 

(2.21) 

Here we eliminated the leading term in this equation since vanishes for a = — A 
or A, just as in the probe analysis leading to eq. ( p.l3|) . Further, we have defined 
= :^7=c^i {\/—gg^''dj4>) where the full metric gij{x,p) is again inserted in this wave 
operator along the boundary directions. 

Now we are in a position to construct solutions with a small-p expansion near the 
asymptotic boundary. We should say that our objective here is primarily to understand 
the form of these solutions. We will delay considering explicit solutions to the next two 
sections. Hence, to get a feeling for the expansion of gij{x, p), we consider the equations 
of motion (^^) and (|]2l]) with 



gij{x, p) - tj{x) + p^ %j{x) and 0(x, p) - (j)^''\x) + p^' <P^'^'\x) , (2.22) 

where we assume both exponents /3, /3' are positive. We begin by examining the first 
equation in eq. ( p.20| ) to linear order in First we find that there are two homo- 
geneous solutions, i.e., solving with all of the terms linear in g" and g' . That is, we 
have either /3 = Oor/3 = (i/2 where the latter also requires V*-' '^gij = 0. The first case 
is simply deformation of the boundary metric ^g\j where as the second is the second 
independent solution containing the state data about the stress-energy, as in eq. (p. 31). 
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This structure matches precisely that found for the usual FG expansion (|2.2|) and de- 
pends only on the asymptotic geometry approaching AdS geometry. At this linear 
level, Rij(g) introduces an inhomogeneous source term requiring (3 = 1. Similarly 0^°-* 
introduces various source terms on the right-hand side. The leading source comes from 
the mass term which requires /3 = a, while the next source would be the cubic term 
which calls for {3 = 3/2 a. Hence in the deformed background, the asymptotic expan- 
sion of gij{x,p) involves terms with two powers of p, namely, integer powers p" as well 
as powers p"^°/2. Xo simplify the general expansion in a workable form, we consider the 
case where a/2 is a rational number, i.e., a/2 = N/M where N and M are relatively 
prime. In this case, the general asymptotic expansion for the metric gij{x,p) can be 
written as 

N-l 

g.,{x, p) = V I + > : p"+"^t g 1 (2.23) 




9 ij 



x] 



m=2 

If p'^/^ appears in the series in the first line, the expansion contains a logarithmic term 
9.A^^ P) = E + E P"^'"^ " 3\,{x) ) (2.24) 




/,,(x) + ^p"+'"t / 



m=2 



Of course, the latter expansion with the logarithmic contribution always arises if d is 
even, as in the usual FG expansion ( p.2|) . However, we note that this form can also arise 
in odd dimensions if the relevant operator has an appropriate dimension. For example, 
if (i = 3, eq. (|2.24|) arises for a = 3/m with m = 2,3,4, .., which would correspond to 
A = 3(m — l)/m. In particular here, m = 3 yields A = 2 which corresponds to the 
fermion mass term in = 3. 

We might also note some simplifications that can occur in the above expansions. 
In particular, if the boundary curvature vanishes, the integer powers are not required, 
i.e., all of the coefficients with n > vanish — see the explicit solutions in section ^. 
Similarly for the case of a free scalar in the bulk or a scalar theory that is invariant 
under $ — )■ — $, only (integer) powers of p" will appear, i.e., all of the coefficients with 
m being a odd integer vanish. 

Now using the test expansion ( p. 221) , we can also examine the scalar wave equa- 



tion ( p.2ip to linear order in (p^^'^ Considering only the first two linear terms, we 
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find two homogeneous solutions, namely /?' = and = d/2 — a. The first case is 
simply a shift of the boundary coupling whereas the second power corresponds 
to the second independent solution. The overall power of this contribution is then 
pf +/^' = = p'^+Z^. Hence we see again that this structure matches precisely that 
found with the probe analysis in eq. ( |2.13| ), which depends only on the fact that the 
asymptotic geometry approaches the AdS geometry. Further, as before, the second so- 
lution contains the expectation value of the corresponding boundary theory operator, 
as in eq. (p.l5|) . Continuing with the linearized analysis, 0^°-' introduces two inhomoge- 



neous source terms in eq. (p.21|) from the derivative term 0^0 and from the higher order 
contributions from the scalar potential. The former requires /?' = 1 while the latter 
requires /3' = a/2. Hence in the full nonlinear solution, we see that the asymptotic 
expansion of p) also involves two powers of p, namely integer powers of p and p"/^ 
separately, as in the metric expansion above. Given the expansions ( p. 23 ) and ( p. 24 ), 



we see the metric also feeds in source terms with both kinds of powers from the term 
with dp\og{—g). If we simplify the general expansion with the choice a/2 = N/M as 
above, we find 



N-l oo 



p) = p"/'0(x, p) = p"/2 Yl Yl /'"^"^ 0("+'"t) (x) (2.25) 

n=0 m=0 

N-l oo 



n=0 m=0 



In this case when d is even or when d is odd and a = {d — 2n) /(m + 2) (subject to the 
condition a > 0), the powers in the second series actually overlap with those in the 
first. Hence in this case, the second independent solution actually has an extra factor 
of log p, which gives rise to the following expansion 



N-l oo 



$(x, p) = p"/'0(x, p) = p°/2 Y /^""^"^ 0^"+'"^) (x) (2.26) 



n=0 m=0 

N-l oo 



+p('^--)/^iogpEE/'"^'"^^ 



,"+^■1 W,(2-"+"+'"f )('3;) . 



n=0 m=0 

Further the leading coefficient ilj^i^^\x) can be related to matter conformal anomalies 



15, 20 



Now before leaving our discussion of the back-reacted bulk solution, we wish to 
comment on the fixed boundary data. While the details of the small-p expansion in the 
metric (|2.12|) have changed, the second independent solution still arises at order p"'/^ 
with the coefficient * g \j. As before, this coefficient carries information about the state 
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of the boundary field theory through the relation in eq. (|2.3| ). Similarly, the second 
independent solution appears in the expansion of the scalar field at order which 
again is determined by the state of the boundary theory through eq. (|2.15|) . Hence we 



may ask at what order the state data for the scalar, i.e., begins to contribute 

to the expansion of the metric. Examining the Einstein equation ( |2.20| ), we see the 
leading contribution will come from the mass term on the right-hand side with a cross 
term However, this contribution enters with a factor p'^/^-i and so we can 

see that 0'-^"") will only effect the coefficients in the metric expansion '^g\j with n > d/2. 
Hence we can still refer to the metric coefficients with n < d/2 as the fixed boundary 
data, as well as (j)^^^ with n < d/2 — a, since these coefficients are all independent of 
the state of the boundary theory and are completely fixed by the boundary metric %j 
and the coupling 

We note that the calculation of the holographic EE is a geometric one which relies 
on the details of the metric expansion ( ^.2tj| ) or ( |2.24D , i.e., the scalar field does not 



directly enter into the extremal area (|1.1|) . Hence, as in the previous section, we would 
like to show that the logarithmic contribution to the holographic EE only depends 

(n) 

on the fixed boundary data, i.e., gij with n < d/2. Hence, we must next examine 
the embedding functions X^{y"',T) to show that this universal contribution also only 
depends on the geometry of the entangling surface in the boundary and is independent 
of the details of the bulk surface, e.g., ensuring that it has a regular geometry. 

The embedding functions are determined by extremizing the area of the bulk surface 
V. It is a straightforward exercise to show that this leads to the following (local) 
equation of motion 

-^5, [y/hK'^dpX^'^ + K'^T^^d^X^dpX'' = , (2.27) 

where the induced metric is given by eq. (|2.5|) and Tf^^„ denote the usual Christoffel 
symbols constructed with the bulk metric g^^. As before, we make the gauge choices 
given in eq. ( p.6|) and in this case, setting /x = p = r in eq. ( p.27| ) yields a spurious 



constraint, which is automatically satisfied upon solving the remaining equations for 
X^{y°', t). Of course, the leading terms in a small-r expansion of the latter are just the 
constant terms describing the position of the entangling surface in the boundary, i.e., 

(0) 

X*(?/",r) ^ X*(?/"). To determine the order at which a second independent solution 
appears, we follow the analysis in We begin by assuming the equations ( p.27P have 



been solved perturbatively to o{t^), such that the coefficients X*(?/") are to be solved 
in terms of the previous terms. One can see that the leading contribution of these new 



coefficients always comes from the terms in eq. (|2.27|) with two r derivatives. If we 
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substitute in the leading form of the induced metric (|2.8|) , this term is given by 

~ s s - - T'-^X\y^) + • • • , (2.28) 



Now the latter result implies that X* becomes undetermined for s = d/2 and it can be 
independently specified, e.g., to ensure that the extremal surface has a regular geometry. 
Note that this is precisely the same order at which this additional information entered in 
the previous section (without the relevant deformation). Further, this is also precisely 
the order at which the second independent set of coefficients appear in the small-r 
expansion of the bulk metric. If we examine the full equations of motion (|2.27|) for 



the embedding functions in more detail, we also find that, just as in the expansions 
for the metric and the scalar, there are two powers of r (= p) appear, namely, powers 
of r and r"/^. Further, it is straightforward to show that the small-r expansion for 
X*(?/,r) takes an analogous form as that presented for the bulk metric in eq. (p.23|) 



or eq. ( p.24|) , depending on the precise values of d and a). Of course, the leading 



(n) (0) 

coefficients X* with n < d/2 are completely determined as local functionals of X*(y'^), 
and 

Combining the asymptotic boundary expansions for the bulk metric and the em- 
bedding functions, one produces a similar expansion for the induced metric (|2.5|) , e.g., 



habiv, r) = - 

T 



N-1 

E 

n=0 \ m=2 



{„) _ _ ^ (n + mS-) , 

/ia.(l/) + 5^ r'^^™^ h abiy)) (2.29) 



n=0 \ m=2 



Of course, if t'^^'^ appears in the series in the first line above, then a logarithmic factor 
will appear in the second line, as in eq. (|2.24| ). Recall that the leading coefficient 



(0) 

hab is the induced metric Hat on the entangling surface dV in the background for the 
boundary theory. The component h-rr{y,T) has an analogous expansion with a pre- 

(0) 

factor L /{At ) and hrr = 1, as in eq. (p.8|). For the present purposes, an essential 

(n) 

feature of the induced metric is that all of the coefficients h ap depend only on the fixed 
boundary data for n < d/2. That is, these leading coefficients are again completely 

(0) 

determined by X*(?/"), g and 
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Now turning to the holographic EE (|1.1| ), we must evaluate the area of the extremal 



surface. The area integral has the same basic structure as given in eq. ( p.9|) in the 
absence of a relevant deformation. In particular, the leading expression provides a 
factor of r^"^/^ and the radial integral ends at the regulator surface with Tmin = 
where 6 is the UV cut-off in the boundary theory. We are again primarily interested in 
the contribution proportional to log 5 and so we must expand the rest of the integrand 
to order r^~. While the details of this expansion are now modified by the presence 
of the relevant deformation, as before, it suffices to observe that a term at the desired 

(n) 

order will only contain the coefficients /Iq,^ with n < (d — 2)/2. Hence this logarithmic 
contribution to the holographic EE is completely determined by the fixed boundary 

(0) 

data. That is, this contribution is completely determined by g and (f)^^\ In 

fact, the same result also applies for all of the divergent contributions to the holographic 
EE. 

While this conclusion has been unchanged by the introduction of a relevant operator 
in the boundary theory, the appearance (or not) of a universal contribution in the 
holographic EE, proportional to log 5, depends very much on the details, i.e., on the 
dimension of the operator, as well as the spacetime dimension. In particular, in the 
expansion of the integrand in eq. ( p.9|) , we must identify a higher order term with 
^n+mf _ -j-^2~ , Of course, as in the previous section, one finds such terms with m = 
for any even d. However, there can now be new terms for odd or even d if the 
operator dimension of the relevant deformation is appropriate. For example, choosing 
an operator with A = | + 1 yields a = {d — 2)/2 and hence we find the desired power 
of r with n = and m = 2. Similarly, for a scalar mass term with A = d — 2, one finds 
a = d — A = 2 and hence a logarithmic term appears in even dimensions with d > 6.^° 
One can compare this to the results of where an analogous contribution ( |1.2|) was 
found for a free massive scalar field. As a final note here, we observe that in certain 
instances (with appropriate a and d) the logarithmic term will be produced with both 
n and m nonvanishing. In the following sections, we present some explicit calculations 
of these new universal contributions to the holographic EE. 

3. New Universal Terms with a Deformed Boundary Theory 

While our general discussion above indicated that a relevant deformation of the bound- 
ary theory may lead to new universal contributions in the holographic EE, we would 



-"^^Recall that m > 2 (or m = 0) because the stress tensor for the Einstein-scalar theory in the bulk 



is at least quadratic in the scalar field, e.g., all of the contributions on the right-hand side of eq. ( p. 20]) 
are quadratic or higher order in the scalar. 
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like to present some explicit examples where such logarithmic contributions appear. To 
make the problem of explicitly calculating the new universal terms simpler, we begin by 
considering here a background with a fiat boundary metric. For convenience, we also 
depart from the conventions of the previous section by choosing a new radial coordinate 
z where p = /LF'. We take the Einstein-scalar theory in eq. ( |2.10| ) with 



did — 1) 1 



K 



L2 



6L2 



(3.1) 



i.e., we choose the potential to include only terms up to cubic in the scalar. Now with 
a flat boundary, our asymptotically AdS^+i bulk metric becomes 



ds^ 



(dz^ + f{z) rjijdx^dx^) 



(3.2) 



and following eq. ( p.l9|) , we write the scalar profile as ^{z) = {z/L)"'(f){z). Asymptoti- 
cally, as z — )■ 0, f{z) — )■ 1 and (j){z) — )■ 



Examining the Einstein equations of motion ( p. 171 ), there are two nontrivial equa- 
tions which may be written: 



d{d-l) 



it 



{mLf 



+ + = , (3.3) 



Z^ 



2{d-l] 



'n d-l d-Ap 
^ ^ ^ 4 / 



— =0. (3.4) 



However, the Bianchi identity ensures that these equations (combined with the scalar 
field equation) are redundant. For simplicity we focus on eq. (|3.3| ) in the following. 
The scalar field equation ( p.l8| ) reduces to 



d-l 



K 



:$ = 0. 



(3.5) 



z 2 f ^ z^ ^ 2z^ 

Now constructing power series solutions for / and (p around z = 0, one finds 

/(^) = l + ^a,(0W(z/L)")\ (3.6) 

k=2 

0(;.) = 0(°) {z/Lr + Y,bk {z/Lr)\ 



k=2 



Note that we are being somewhat cavalier in both of these expansions since neither in- 
cludes the second independent solution shown in, e.g., eqs. ( p.23| ) and ( |2.25|) . However, 
as we showed in the previous section, none of the terms which have been neglected will 
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contribute to the logarithmic contributions in the holographic EE. In comparing the 
above expression for f{z) with eq. (p.23|) , we see that the terms involving n 7^ do not 



appear above. This simplification occurs because the boundary curvature vanishes. 
The first few coefficients in the above expansions are explicitly determined to be 



2k 



as 



9a{d — — 3a) ' 
da 



+ 



a4 



8{d-l){d-4a) Aa^id - 3a){d - Aa) ' 
{3d-8)a + 2d K^{5d-17a) 



64(d - l)2(d - 4a) 32a^{d - l)(rf - 3a)2(d - 4a) ' 

Kd{17d-Q5a) K^{3d-10a) 



72{d - l){d - 3a){d - Aa){d - 5a) 2Aa^{d - 3a)^{d - Aa){d ~ 5a) 
K ((79d - 200)a2 - (19d - 90)da - lOd^) K^(3d - 13a) 



180a{d - l)^{d - 3a){d - Aa){d - 5a) 30a^{d -l){d- 3a)^{d - Aa){d - 5a) 
3d'^a^ K^d{2655a^ - 1330ad + 163d'^) 



6A{d - l)2(rf - 4a)(rf - 6a) 576a{d - l){d - 3a)'^{d - 4a)((i - 5a){d - 6a) 

K*{6d - 25a) 
^96a4(rf - 3a)2(c/ - 4a)(rf - 5a){d - 6a) ' 



Here, we have used eqs. ( p73D and (|3.5| ) to determine these coefficients. As an extra 
check, we also explicitly checked that the above coefficients also solve eq. ( p.4|) to order 
(z/L)'^) . Note that if we set K = 0, the only nonvanishing coefficients are with 
even k and bk with odd k. 

Recall that the calculation of the holographic EE ( |1 . 1| ) is purely a geometric one 
and the scalar field only effects the result through its back-reaction on the bulk metric. 
Hence to evaluate eq. ( |1.1| ), we need only focus on the expansion of the metric, i.e., 
the expansion of f{z) in powers of z", as seen in eq. (|3.6|). As shown in section |2.1|, the 



universal part of holographic EE involves only the terms in the expansion up to the 
power just proceeding z'^ p'^/^). Hence the expansion (|3.6| ) of f{z) must be carried 
out to a maximum value of k: 

d - a < akmax < d. (3.8) 



Recall from eq. (|2.16|) , we also have < a < d/2. Combining this inequality 



with the above expansion ( |3.6| ), we see that kmax = 2,3,4 or 5 — for which we can 
read the coefficients from eq. ( |3.7| ) — is sufficient for d/3 < a < d/2 , d/A < a < d/3, 
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(i/5 < a < d/A or d/6 < a < d/5, respectively. In general, a given kmax is sufficient 
for d/{l + kmax) < « < d/kmax- To proceed further, we choose exphcit values of d and 
A, as well as the geometry of the entangling surface. In particular for the latter, we 
consider 1) two flat planes bounding a slab and 2) a spherical surface S'^~'^. 

Before proceeding with explicit calculations, we address a question about interpret- 
ing the results in terms of the boundary theory. Note that with the present conventions, 

0(0) 

is a dimensionless parameter. However, following the standard AdS/CFT dictio- 
nary, we wish to relate this parameter in terms of the coupling to an operator with 
conformal dimension A in the boundary theory. As such, this coupling should be di- 
mensionful defining some mass scale with 0*^°^ ~ /i'^"'^. The question is then how to 
make this relation more precise, e.g., what scale enters on the bulk side of this equa- 
tion? Of course, in the AdS/CFT correspondence, the natural scale emerging from the 
bulk theory is simply the AdS curvature scale yielding 

^ = A/-^ (3.9) 

Here it is convenient to introduce a dimensionless parameter A, which would control 
the strength of the deformation in the boundary theory.^^ Note that given the present 
framework, we can not provide a more specific relation than eq. (|3.9|) above. For 
example, if we consider a mass deformation like m^0^ in the boundary field theory, 
we could always redefine the operator by numerical factors, e.g., the dual operator 
could equally well be 0^ or 0^/2 or \/27r0^ and then accordingly the coupling would 
be or 2m? or m?/(\/2Tc). This example illustrates that distinguishing the operator 
from the coupling part will not be well-defined without some additional information 
about the boundary theory. In fact, in certain cases, the required information may be 
provided by supersymmetry and knowing more details of the duality between the bulk 
and boundary theories. One such example would be = 2* theories where more 
precise results can be obtained p2| . 



3.1 Flat entangling surfaces 

In this case, we introduce two fiat parallel planes as the entangling surface. Hence 
subsystem of interest in the boundary theory is the following slab: Vp = {0 < a;^ < 
i, t = 0}. The holographic EE has been calculated for this geometry in the case where 
the boundary theory is simply a (i-dimensional CFT 0, |^: 



S'cft(^ 



An L'^-^ 



d-2 



d-l 



p,d-2 f>d-2 
-Id 



^d-2 ^d 



(3.10) 



^"'^Upon converting our results below to parameters of the boundary theory, the power of A keeps 
track of the number factors of (j)^^'^ appearing in the holographic calculation. 
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where 7^ is a numerical factor: 7d = | \ 2^V[^ ^^^_^^ / r( ^^^^-^^ ) j . Here i? is a regu- 
lator length along the x^'^' " '"^"^ directions, which was introduced so that the entangling 
surfaces have a finite area, i.e., R'^~'^. Hence for a CFT in this geometry, no logarithmic 
contribution appears in the EE for either even or odd d. Note that the pre-factor in the 
above expression can be interpreted as a central charge in the boundary theory, e.g., 
the leading singularity in the two-point of the stress tensor is controlled by the central 
charge, i.e., Ct — L'^^^/ifr^. 

Returning to the holographic EE in the presence of a relevant deformation, we 
describe the bulk surface v with the profile z = z{x^) with the boundary conditions 



zlx 



0) = 



zix 



The induced metric hns on this surface embedded into the 



background ( |3.2| ) is given by 



l2 

hai3 dx'^dx^ = — 



d-2 



{f{z) + z'){dx')' + f{z)J2idxr 



i=2 



(3.11) 



where 'dot' denotes a derivative with respect to x^. Evaluating the area of v in the 
bulk then yields 



A{v) 



Yldx'^detha^ = R'^-^L'^-^ 



i=l 







(. fd/2-1 

dx'l^./fTT'. 



(3.12) 



We treat this expression as an action for z(x^) to determine the profile which extremizes 
this area. As the action contains no explicit x^ dependence, the conjugate 'energy' is 
conserved. This conserved energy functional then yields the following equation: 

'2 N2(d-1) fd 



fi 



d-1 



(3.13) 



where z^ corresponds to the (maximum) value of z where i = and f^, = f{z^). From 
the inversion symmetry, — )■ £ — x^, we must have i = at xi = £/2. To determine 



we can integrate the above equation 



dz ( — 



f 



d-1 



f> 



d-1 



Zx2id-1)\ 



-1/2 



With these results, we can evaluate the holographic EE as follows 

'f^z'^d-i 



rd-l 



z, jd/2-1 

dz 



z' 



d-1 



(3.14) 



(3.15) 



fzl 

where we have introduced the UV regulator surface aX z = 5. We are interested in 
extracting a universal (logarithmic) contribution from the above expression, in the limit 
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5 — )■ 0. Therefore we expand the integrand in powers of z and evaluate only the term 
with Xjz. In fact, the expression within the square brackets can be set to 1, since the 
higher order terms which it contributes in this expansion begin at z'^~^ . Therefore the 
desired universal coefficient is independent of z^,. In the present notation, represents 
the undetermined data, appearing at higher order in the embedding functions, which 
is specified to produce a smooth surface v in the bulk. Hence, as discussed around 
eq. ( 2.28 ), this data will not contribute to the universal terms in the holographic EE. 
Further, this observation allows us to consider the limit £ — >■ cxo in which case — )■ oo 
and the expression inside the square brackets above simply reduces to 1. In this limit, we 
are simply calculating the entanglement entropy upon dividing the boundary theory 
into two (semi-infinite) regions with a single wall at = 0. In the case where the 
boundary theory is conformal, this limit leaves only the regulator dependent term, as 
shown in eq. ( 3.1CI|) . However, the limit leaves a more interesting result in the present 
case because the relevant deformation in the boundary theory has introduced a finite 
correlation length, ^ = In particular, as we now show explicitly, the result can 

include a universal logarithmic contribution, of the form found in [|I| . 

As noted above, a logarithmic contribution will only appear from a term in the 
small-z expansion of the factor y^/^-i in eq. (|3.15|) . Further, we note that given the 
form (|3.6|) of /, this expansion only produce powers z"^"' with m > 2. Hence to produce 
a 1/z term in the integrand, we must have a = {d — 2) /m. Note that all such values 
appear in the allowed range given in eq. ( p. 161) and the conformal dimension of the dual 
operator would be A = — We consider explicit examples for specific values of m 
below. 



3.1.1 m = 2 

In this case, we have a = {d — 2)/2 and we only need the first term in the expansion 
(|3.6|) of /. Examining eq. ( p. 15]) , we find 

SiV.) = X'R'~'/-' log/z5 + • • • (3.16) 

which applies for any odd or even d > 3. Above, we have used eq. ( ^19]) to write 
(^0{o)^2^^c(-2 _ y2^d-2^ have also introduced a factor of /i to make the argument 
of the logarithm dimensionless, since it is the only natural scale to appear there. We 
are implicitly assuming an operator arises with a specific conformal dimension which is 
dependent on d. However, we might note that for c? = 4, A = 3 which corresponds to 
a fermion mass term while for c? = 6, A = 4 which corresponds to a scalar mass term. 
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3.1.2 m 



In this case, a = {d — 2)/3 and we must expand eq. ( p.6|) to order kmax = 3. Eq. (p.l5|) 
then yields 

= -^(^f^^'^'^V-^ log/.5 + --- (3.17) 

using ((p^'^^Y / L'^^'^ = X^jjf^^^. This result again applies for any odd or even d > 3. Note 
that this contribution vanishes for k = 0, e.g., for a free bulk scalar. 

3.1.3 m = 4 



With m = 4, a = ((i — 2)/4 and we expand eq. ( |3.6| ) to order k^ax = 4. Then from 
eq. ( |3.15| ), we obtain 



d-l 

/.I . 1( / —1— .1^1 „ 1.1(7 —1— II ( / /.I It I 



2(3d + 34) 2 (3rf + 8)(d-2) 



(rf-2)(rf + 6)2 256(rf-l) 



(3.18) 

using [(jy^^^Y / L'^^'^ = A^/i''^^. Again, we are implicitly assuming a specific operator di- 
mension which is dependent on d but with this assumption, the corresponding universal 
contribution will appear for any odd or even d > 3. 

3.2 Spherical entangling surfaces 

In this case, we wish to calculate the EE across a spherical surface in the boundary 
theory. If we define the radial coordinate as usual, i.e., = ^^(a;*)^, in the flat 
boundary geometry, then the relevant subsystem is the ball: Vs = {r < R, t = 0}. 
Again, the holographic EE has been calculated in this case with a conformal boundary 
theory and a logarithmic contribution arises for even |^: 

ScMVs) = (-)^"'f(^7d^ log (2^/*^) + • • • • (3-19) 

In fact, this result can be calculated for any CFT without any reference to holography 
and it is known that the pre-factor is precisely (— ) 2~My4 |23|, |, |^ where the A is the 



central charge appearing in the A- type trace anomaly This contribution ( p.l9| ) 

will also appear in the calculation of the holographic EE when the boundary theory 
is deformed by a relevant operator. However, in the following, we will focus on new 
contributions related to the relevant deformation. 

To begin, we introduce polar coordinates ^j((^a;*)^ = dr'^ + r'^ bound- 
ary directions in the bulk metric ( p. 21) . We describe the bulk surface v with a profile 
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r = r{z) with the boundary condition r{z = 0) = R. Then induced metric on v is given 

by 

7-2 

dx^dx^ = — [{f{z) r'2 + l)dz^ + f{z) dnl_^] , (3.20) 

where the 'prime' denotes a derivative with respect to z. The desired profile is chosen 
to minimize the area 



dzdnd.2^/^^p = L''-^^d-2 J^dz -' + (3.21) 

where denotes the area of a (d— 2)-dimensional unit sphere, i.e., = 27r^~ /^{^^) ■ 
As before, we introduce a UV regulator surface at z = 6. 

In a pure AdS background, i.e., f{z) = 1, the profile which extremizes the area 
(|3.21|) has a simple form ||, |] 



r{z) = VR^ -z^ = ro. (3.22) 

Unfortunately, we could not find a closed form solution in the background with a 
generic relevant deformation. Hence to extract the universal contribution, we can 
proceed by solving the corresponding Euler-Lagrange equation order by order in z and 
then substitute the results back into the area functional ( |3.21| ). However, to leading 



order in this expansion f{z) = 1, for which r = ro{z) is an exact solution. Hence it 
will be convenient to organize our calculations by expanding around this profile, i.e., 
to evaluate corrections, 6r = r — tq, induced by the higher order terms in f{z). 

In the discussion towards the end of section we found that the small-r expansion 
of the extremal area produced a series involving powers r""*"™"^ . In the present notation 
then, we expect the small- 2; expansion to produce terms with powers 2;^"'+'"". Further, 
from eq. ( p.21|) , we see that the leading term in the integrand begins with l/z'^~^ and 



so to produce a logarithmic contribution the expansion must contain a term where 
2n + ma = d — 2. In fact, for even d, one finds a term where m = and n = 
{d — 2)/2 which yields the same universal contribution which appears without the 
relevant deformation, as shown in eq. ( |3.19| ). However, we are interested in the new 



contributions related to the deformation and so where m is nonvanishing — as usual, 
this requires m > 2. Hence let us consider some exphcit examples for specific values of 
m. 

3.2.1 m = 2 

In this case, we only keep the first correction k = 2 in the expansion of /, given 
in eq. (p.6|). Note then that the cubic, as well as any higher order interactions in 
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the potential of the bulk scalar play no role. Expanding eq. (|3.21| ) to linear order in 
Sf = f — 1 and 6r = r — vq yields 



A{v) 



d-l 



,/2 



11 



d-2 + {d 



(3.23) 



Above the term linear in 6r vanishes, as it must since it is proportional to the equations 
of motion for tq. Focusing our attention on the 5f term above, we substitute the leading 
term from eq. (|3.6| ), as well as a small-z expansion of tq, which combine to yield 



A{v) 



d-2 



i{d 



dz 



5 z' 



d-i 



(3.24) 



1 - 



{d - A){d - I) z'^ {d - l){d - ?,){d - Q) z^ 



+ 



+ . . . 



2(rf-2) i?2 8(rf-2) 

Now a a = {d — 2)/2 then only the first term in the parenthesis contributes to give a 
logarithmic divergence, and we obtain 



A"r]rf_2i?''"V"' iog/i5 + 



4 - 1 £^ 



(3.25) 



where we have used eq. (|3^ ) to write {(f)^^^y /L'^^'^ = A^yu'^"^. This result ( |3.25| ) is 
essentially the same as that in eq. ( p.l6| ). In our holographic construction, the similarity 
of the results reflects the fact that to leading order ro{z) ~ i? is constant and there is 
no distinction between a flat or a spherical entangling surface. Comparing eqs. ( ^.16| ) 
and ( ^^251) , it appears this universal contribution can be written in the general form: 



7id-2L 



d-l 



Ad-l t 



(3.26) 



where Ad-2 is the area of the entangling surface. Again this logarithmic term will 
arise for any odd or even (i > 3, for a relevant deformation with conformal dimension 
A = f + 1. 

Given eq. ( p.24| ), we can also begin to consider contributions arising from terms 
in the expansion where n is also nonvanishing. If we consider the second term in 
the parenthesis in eq. ( p.24|) , we see a new logarithmic contribution will appear if 
a = {d — 4) /2. In this case. 



S{V,) = -n^^\'n,_, {Rfi)"-' log/.5 + 



(3.27) 



where we use {cjy'^^^Y / L"^ ^ implied by the present choice of a. Of course, this 

result only applies for > 5. As should be evident from our construction above, the 



- 24 - 



terms with nonvanishing n appear in the expansion of the area integrand because of the 
curvature of the sphere. That is, the background geometry has vanishing curvature, 
both the intrinsic and extrinsic curvatures of the entanghng surface are non-vanishing 
here. For example, the Ricci scalar of the intrinsic geometry on the entangling surface 
jg gjygj^ by 7^ = ((i — 2)((i — 3)/-R^. This suggests that we might express the result 
in eq. ( ^.271 ) as an integral over the sphere (contributing a factor of ^2^-2 R'^~'^) but 
the integrand would be /i''"'^ multiplying some appropriate combination of curvatures 
(contributing a factor of However, given the large amount of symmetry in the 

present geometry, it is not possible to precisely fix that latter curvature expression. We 
continue to investigate this question in sections H and |^. 

Of course, it is also possible to continue with examining higher order terms in 
the expansion in eq. ( p.24| ). This would in turn lead to logarithmic contributions 
proportional to higher powers of curvature. Schematically, these terms would take the 
form 



^ ^ ^],_2 (i?^)"-'-'" \og^i5 , (3.28) 

for a = {d — 2 — 2n)/2. Following the discussion above, it appears that these contribu- 
tions take the form of an integral over the entangling surface with a factor of /x'^"^"^" 
multiplying some combination of curvatures contributing a factor of 1/ B?^. 

3.2.2 m = 3 

In this case, we are focusing on new contributions which might come from the k = ?> 
term in the expansion of /, given in eq. ( |3.6| ). Again we consider the linear expansion 
given in eq. (|3.23 ) but substitute the = 3 term for 5f. A new logarithmic contribution 



arises when we assume that a = (d — 2)/3. Of course, this is the same exponent that 
appeared in section |3.1.2| and the contribution identified here has essentially the same 



form as in eq. ( 3.17|) . We combine these results to write a general expression, 

^univ = - 3(J^^)^li A' Ad-2 \og^^5 , (3.29) 

where Ad-2 is again the area of the entangling surface. Such a logarithmic term gener- 
ically apppears for any odd or even c? > 3 when conformal dimension of the relevant 
deformation is A = |(c/ + 1). Comparing eqs. ( p.26|) and ( p.29|) , we see that these 



two expressions have essentially the same structure, however, the details of the overall 
factors differ. In particular, the present contribution depends on the cubic coupling in 
the potential for the bulk scalar. Hence it will vanish for a free scalar field or more 
generally where the bulk theory is symmetric under $—)■—$. 
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As above, we can also consider higher order terms in the expansion with nonvanish- 
ing n which introduce additional factors of the curvature of the sphere (i.e., factors of 
l/i?^") in the logarithmic contributions. Schematically these terms again take a form 
very similar to that found in the previous analysis. In particular, for a = {d — 2 — 2n)/3, 
there are universal contributions of the form 

5'univ ^ K, —j-^ ^]rf_2(^/i)'^~^~^" log fid , (3.30) 

similar to those in eq. ( |3.28D . We might also note that in particular cases the universal 
term receives contributions from more than one of the expressions outlined above. For 
example, consider the special case where a = 2 and d = 8 — note that this corresponds 
to A = 6, which is the dimension of a scalar mass term in eight dimensions. With this 
choice of parameters, we satisfy both a = {d — 2)/3 and a = (c? — 4)/2 as required for 
the appearance of the contributions in eqs. ( p.29|) and ( |3.27|) , respectively. Hence the 



full logarithmic term in the holographic EE combines both of these contributions with 



SiVs) = -7r^n,R^ 



^ 6 A^// 
21 ^ ^ 2 i?2 



log/i5 + ---. (3.31) 



3.2.3 m 



In this case, we extend the expansion ( |3.6| ) of / to the order k = A and hence for 
consistency, we must also expand the area ( |3.21| ) to quadratic order in 5/ = / — 1. In 
fact, we extend the latter expansion to quadratic order in both 6f and Sr = r — Tq to 
produce 



Aiv) =L'-'Q,^,ljz'^.f^l[l + '^ 2(r/+l)^^'° + 9o{z)6f (3.32) 
+ giiz)5f6r + g2{z)5r^ + g^{z){5r'f + gi{z)5f5r' + gr,{z)5r5r' + ■ ■ 



with 



{d - 2)(rf - 4) + 2{d -2){d- 3)r;2 + [d - l){d - 3X 

8(r^,2 + 1)2 
{d ~ l)id - 2yQ^ + {d - 2f 

2ro(r[,2 + 1) 
(rf-2)(rf-3) 



92[z) = , g3[z 



2rl ' 2{r'i + iy' 

a (z) - - ^)"o' + < a (z) - ^^-^)"o (3 33) 
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Next we must solve to the extremal profile by varying the above 'action' with respect 
to 5r. The solution of the resulting equation of motion must also satisfy the boundary 
condition 5r[z = = To leading order in z, we find 



5r 



d{a - 1) + 2 



8(d- l)(l + a)(rf-2-2a) 



\ 2 2 

^ L° / R 



(3.34) 



Hence we have 5r ~ z'^5f . Therefore if we choose a = (rf — 2)/4 only terms proportional 
to 6f, 5p in eq. ( p.32|) contribute to the logarithmic divergence. Assuming further that 
neither {d — 2)/2 nor 3((i — 2)/4 is an integer, eq. ( p.32| ) yields essentially the same 
result as in section |3.1.3| and we combine them into a general expression 



(3rf + 34) 
_(d-2)(d + 6)' 



(3(i + 8)(d-2)^ 



512(rf 



TT 



d-l 



(3.35) 

where as before Ad-2 is the area of the entangling surface. Such a logarithmic term 
appears for any odd or even d>?> when A = (3c? + 2)/4. 

If either (d — 2)/2 or 3(c? — 2)/4 is an integer, then there are extra terms arising from 
the expansion of the coefficient in front of 5f in eq. ( p. 321) . These terms are associated 
with the effect of intrinsic curvature of the sphere and in general will be of the form 
given by eqs. ( p.28| ) and ( |3.3CI| ). Furthermore, by suitably changing the value of a, one 
can also consider possible scenarios where terms involving 6r start contributing to the 
universal divergence. 

As a specific example, let us consider the case of a ten-dimensional CFT with a = 2, 
which corresponds to the deformation of the CFT with a scalar mass term. Then the 
logarithmic divergence is given by the expression in eq. ( p.35| ) supplemented with 



We have used eqs. (|3.6|) 



4£9 



7A^ // ^ // 
2 i?4 + 3 ^2 



log + . . . 



(3.36) 



Tj) and (|3.23|) to evaluate this term. 



4. Curved boundaries 

In section |3.2| , we examined the holographic EE for a spherical entangling surface. Our 
calculations there began to illustrate an interesting interplay in the coefficient of the 
universal contributions between the curvature of the entangling surface and the mass 
scale introduced by the relevant deformation. In particular, our results suggest that 
various new universal contributions to the holographic EE appear where the coefficient 
is given by an integral over the entangling surface with a factor of /x*^"^"^" multiplying 
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some combination of curvatures contributing a factor of However, with the re- 

sults of the previous section alone, the details of these contributions remain incomplete. 
That is, the precise form of the appropriate curvature factor remains unclear. Here we 
examine these issues further by calculating the holographic EE for various entangling 
surfaces when the background in which the boundary theory resides is also curved. 

In particular, we consider the boundary theory on certain simple backgrounds of 
the form R^xHk where is a maximally symmetric space, where k G {±1,0} indicates 
the sign of the curvature. That is, S+ = S"^~^, Sq = R'^~^ and S_ = H'^~^. Further, we 
introduce R as the background curvature scale so that the Ricci scalar takes the form 



k{d-l){d-2) 



(4.1) 



Of course, R can be scaled away in the case of k = — the simplest choice is to set 
R = L in this case. The corresponding bulk metric can be written as 

' ■ " " - " - (4.2) 



ds' = ^ {dz^ - ft{z)de + R^ h{z) dTl) , 



where 



dYi = de^ + Fkie^da 



d-2 5 



sin , k = 1 
sinh 6' , k = —1 
e, k = Q 



(4.3) 



and dQ'^_2 is the metric on a (rf— 2)-dimensional unit sphere. In a pure AdS background, 
the two metric functions ft,k{.z) are given by: 



.2 \ 2 



ft=[l + k 



4i?2 



fi 



t,0 



v2 \ 2 



fk={l-k 



4/?2 



fk,0 ■ 



(4.4) 



We wish to consider the Einstein-scalar theory ( p.lO| ) with the cubic potential ( p.l| ), 
as in the previous section. The Einstein equations ( 2.17 ) now yield three nontrivial 
components but only two of these are independent. We chose to consider the following 
two equations: 



{d-2){d 



2{d-l] 



fk ^ 



'-f'k + 



+ {d-2 



f'kft 



fkft 



2(d-l)4 
zft 



4 fk 



fk 



Cf)2 J ^]Lcf)3 

3^2 



(4.5) 



+fk ( + 



{mLf 



d)2 _| <T)3 

3^2 
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where -R[Sfc] is the Ricci scalar (|4. 1| ) of the boundary geometry. The scalar field equation 
(|2.18|) becomes 

4" _ luit' + ^L(ii^iA+fA). - 5^^*^ = . (4.6) 

z 2 \ Ik It J 



In order for the bulk metric ( |4.2| ) to be an asymptotically AdS solution, and ft 
must approach a constant [i.e., 1) at the boundary z — )■ 0. Substituting the asymptotic 
form $ ~ into the scalar equation again yields the expected indicial equation, 
a[oL — (i) = (mL)2, which has the two solutions A-t given in eq. ( |2.14| ). As before, we 
introduce a profile for <l> beginning with z", where a = A_ = d/2 — d? /A + (mL)'^, to 
describe a dual operator of dimension A+ = d — a. The back-reaction on the metric, 
i.e., in f^t, again begins at order z"^". However, the boundary curvature now also 
appears as an explicit source in the Einstein equations ( ^TSf ) and its effect begins to 
appear at order z"^. The asymptotic expansion of the metric thus generally take the 
form given in eq. ( p.23| ). 

Now we would like to compute the EE in the case where the entangling surface is 
an S'^~'^ at 6 = 6q in the metric ( [4. 3D for the spatial geometry S^. Hence we specify 
the bulk surface with a profile 9{z) satisfying the boundary condition 9{z = 0) = 6*0. 
This calculation then requires a generalization of eq. (|3.21|) , 

0„ r fd/2-lj^d-2 

^= Vl + /,W(z)2. (4.7) 

In a pure AdS background (^4.4|), we can find an exact solution for 6{z): 



COS-l (cos eo{AR^ + z2)/(4i?2 _ ^2)) ^ J^^^ 

e{z) = Okfliz) = { cosh-^ (cosh^o(4i?^ - z^)/{AR^ + z^)) , = -1 (4.8) 

- zVi?2 , = 

We were able to find these solutions because these profiles all specify essentially the 
same surface in different coordinate systems of the AdS geometry. Following ref. [0, 
this surface corresponds to the bifurcation surface of a topological AdS black hole. 

Now we follow the same procedure as in section expanding around the pure 
AdS solutions. That is, we expand eq. (|4.7|) in powers of 5f and 56, which are defined 
as 

5f = fk-fk,o, 59 = 9-9^,0. (4.9) 
Note that ft{z) does not appear in our integral (|4.7|) and so we need not consider 



perturbations of this metric function. To obtain the leading contribution in 0^ \ we 
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expand eq. (|4.7| ) to leading order in 6f and 66, which gives 



6S - 27r^i?'^-2l],_2 / dz 

Js 



pd/2-l p(i-2/ 
Jk,0 



yd-1 



1 + 




nr 2 



'^fkfi 1 + -R^ fk,0 G'k 



5f 



7i{d-2) 



L 



d-i 



kfi 



Js z 



X 



where 



cot 6*0 , 
coth 9q , 



^0 ' 



k = 1 
k = -l 

k = 0. 



(4.10) 



(4.11) 



Note that the term hnear in 66 vanishes in eq. ( 4.10 ) by the equations of motion (for 
the extremal profile in AdS space). 

Following the discussion in section ^ the correction to the metric 6f may be written 

as 



N-l oo 



(4.12) 



n=0 m=2 



where we have assumed the exponent a has the form a/2 = N/M, as in the previous 
analysis. Our convention to normalize the factors of 2;^" with powers of R, rather than 
L, is convenient in the following but it is also a natural choice because -R[Sfc] appears as 



a source in the Einstein equations [4.5| . The leading coefficient a{2,o) iii this expansion is 
unaffected by the boundary curvature and takes precisely the same value as in eq. (p.7D, 
i.e., 0(2,0) = a2 = -l/[4(rf - 1)]. 

Consider first the universal contribution from 6S arising when a = (c? — 2)/2, as 
appeared in sections |3.1.1| and ^.2.1| . In this case, the leading contribution in 6f is of 
order z*^"^ and the new logarithmic term is identical to that in eq. ( |3.26| ). In particular 
then, this result is unaffected by the background curvature. 

Next we turn to a = (d — 4)/2, as was considered in sections |3.1.2| and |3.2.2| . In this 
case, 6f begins at z'^~'^ but must be expanded up to z"^'^ to identify the logarithmic 
contribution to 6S. The equations of motion give 



2a 



1 



4(d- 1) 



k 



(rf-4)(d^-4(i + 8) z^ 
32{d-2){d-l) R\ 



+ 



(4.13) 
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The logarithmic contribution in eq. ( [4 .101) then becomes 



5„ 



TT{d-2) 



fd-i 



d- 1 



id-2 \2 ,.d-4 



d 



2 ^ 



0(2,0) — «{2,2) 



-TT 



d'^-^a 



(d-4) 



a\2 



+ 



{d 



H 

4)(rf2- 



(4.14) 



2c/ + 4) 



Kc/-2)2 ^ - ^ ' 32(rf- l)2(rf-2) 

In the second expression, we have tentatively expressed the result as an integral over the 
entangling surface, to illustrate the kind of general expression that we anticipate. We 
are denoting the induced metric on this boundary surface as Hah- Note that implicitly 
the result contains two curvature scales, and cl/R"^ and hence the integrand 

includes two independent curvature terms. The last term involves the Ricci scalar ( [4.1|) 
of the background geometry in which the boundary theory resides. The first term 
involves the extrinsic curvature of the entangling surface which is given by 



Ck 

J-) ll ab ' 

ri 



(4.15) 



where n* and t\ are respectively the normal and tangent vectors, to the entangling 
surface dV — see for further details and a full discussion of our conventions. Note 
that in principle, there is also an extrinsic curvature associated with the normal vector 
in the time direction however K^^^^ = in the present case. 

Hence our present calculation demonstrates that S^^^^ takes a form slightly more 
complicated than anticipated in the discussion in section 3.2.1. In particular, there 



are two independent curvature contributions, whereas we could only detect one in 
our calculations in the previous section. We should note however that the curvatures 
which we have written in eq. (^4.14 ) are only representative. For example, we easily 
could replace {K^"')'^ by {d — 2) K^"- Kl^ . Alternatively we could use the fact that the 
intrinsic curvature of our entangling surface has IZ (x {1/R^ + c\/R^). Of course, 
when we set = in eq. ( 4.14 ), the result agrees with this previous calculation in a 
flat background. While they are informative, unfortunately these simple examples are 
still too symmetric to give us enough insight to properly fix the covariant expression 
that describes this universal term for a general entangling surface. 



5. PBH transformations with matter 



In this section, we revisit the powerful approach developed in [12] to get a more precise 
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understanding of the new universal contributions to the holographic EE. Here one 
is able to determine essentially all of the fixed boundary data by examining their 
behaviour under PBH transformations, the subgroup of bulk diffeomorphisms which 



generate Weyl transformations in the boundary. In |[T2| however only pure gravity 
theories in the bulk are considered and so we must extend their analysis to include a 
bulk scalar. An essential feature of our analysis is that we must not just consider 0^°^ 
to be a coupling constant in the boundary theory, rather we must elevate it to a field. 
That is, we consider 0*^°^ (x) to take full advantage of this approach. Just as in the pure 
gravity case, these calculations leave some undetermined constants that must be fixed 
by the equations of motion. While there are no immediate obstacles to performing a 
general analysis, in the following, we only work out a specific example which includes 
a scalar field in the bulk to illustrate the general approach. 

In particular, we will focus our attention on a = (rf — 4)/2 and completely fix the 
universal contribution which was identified in the previous section. We fix the metric 
in FG gauge as in eq. ( p.l2| ), and define 

^.,(0(°))=^?.,+A^7,,(0(°)), (5.1) 

where Qij is the asymptotically AdS solution without the relevant deformation turned 
on, i.e., before the back-reaction of the scalar field is considered. Our goal is to solve for 
the leading terms in the expansion of 0(o) in Agij. The leading terms in the expansion 
of the metric and the scalar field $ are 

, , (0) (1) A „ / \ 

gij{x, p) = Oij + p 9ij ^ , Agij = p \ 9ij + p 9 ij j ^ , 

<|.(x, p) = pt (0(0) + p0(i)) + • • • . (5.2) 
Now the coordinate transformations which preserve the FG gauge take the form 



p = p'{l-2a{x')), x' = x'' + a'{x',p'), (5.3) 
to leading order in some function a, where 

a'{x,p) = — dp'g'^{x,p')dja{x) . (5.4) 







The form of a* is independent of the form of the series expansion of gij {x, p) in p, which 
is modified from that in eq. ( p.2|) to the more general form in eq. (|2.23|) in the presence 



of matter back-reaction. Now following the approach of [|T2[, we substitute the metric 
expansion ( p.23| ) into eq. ( ^.4|) and use 

= ^Jii^ = d^G,, + 2d^,eG,), , (5.5) 
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where 

e = -2a(x)p, e = a^(x,p). (5.6) 

Our notation is such that the 'symmetrization bracket' is defined as ^(i-Bj) = l/2{AiBj+ 
BiAj). This allows one to determine how each coefficient in the general expansion (|2.23|) 
transforms under a general PBH transformation. 

One can tell immediately from S,^dpGij that there is a homogeneous scaling term 
for each coefficient of the form 

(n) (n) 

5 g = -2a{x){n - I) g+-- - . (5.7) 
Since the PBH transformations reduce to Weyl rescalings in the boundary, the above 

(n) 

implies that g has conformal dimension 2{n — 1). In other words, the conformal 
dimension can be read off from the power of p multiplying the coefficient of interest. 
Particularly, '^g^ always carries conformal dimension —2, as expected. 

We are interested in how ^g^^ and ^ g \j transform. Expanding a^[x^p) in p, 

a\x, p) = aji)p + aj2)p' + aj^+i)p°+^ + • • • , (5.8) 

and substituting into eq. ([5^ ), we have 

5 Qij = 2(7 gij , 6 Oij = a^i)4 % + 29(ia^i) gjjk , 

6 % = -2a{a - 1) % , (5.9) 



(5 9 ij = -2a a 9 ij + al)dk 9ij + al^^^^dk 9ij + 29(^0^^) gj^i + 2%af„+i) gj-^k 



(1) = -7ry9~'rd,a, = --{g-' g g-'f d,a . (5.10) 



where 

Li^ /"^Lui,- ^ i ,(0) 1 {") (0) 

These give the Weyl transformation properties of the coefficients, with which one could 
in principle reconstruct the series. The building blocks in the boundary theory con- 
sidered in include the boundary metric, its curvature tensors and their covariant 
derivatives. The only extra component that we have at our disposal here is the non- 
trivial boundary source 0*^"-' (x) of conformal dimension a = (i — A and its covariant 
derivatives. 

The solution for ^g is unaffected by the scalar profile and is again given by eq. ( p.4| ). 

(a) 

Meanwhile g transforms homogenously with conformal dimension 2q; — 2. Including 
amongst our building blocks, the solution is uniquely determined as 

= ci (0(°))2 '4, (5-11) 
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where the constant ci is fixed by the bulk equations of motion. 

Substituting back into a(Q,+i) and hence the transformation of ' ^ we find the 
latter must have the form 

'Tij = ci + d2 tM^'^^fR + 4 (5.12) 

(0) ,.^^.2 



Here we have more degrees of freedom than equations, and we obtain 

_ _(rf-4)(ci + 24(^2 -8rf+ 12)) _ {d - Sd^{d - 2)){d - A) 

' ~ 2(rf-2)2 ' ' ~ 4(rf-2)2(rf- 1) ' 

2(rf2-5c/ + 4 + 24(f^'-llc?' + 36rf-36)) , 1 , , , 
4 = (^-4)(^-2) ' ^4 = --4(^-6), (5.13) 

leaving d^ to be determined by equations of motion. 
The transformation of the scalar field gives 



implying that 



T ^ 

1) =-a{a + 2)(l)^^'^ + —(g-^fd,adj(t>^^\ (5.14) 



= ^ ( D^^^) - ) . (5.15) 

2(c/-2(a + l)) V 2(c/- 1)^ ' ^ ^ 



In general if na = 2 for some integer n then an extra homogenous term (0(0))"+^ could 
appear in 0(^) and the coefficient of this term would have to be determined from the 
equations of motion. 

As a check, our results above were compared with those obtained from directly 
solving the equations of motion with d = = (rf — 4)/2 = 1 and they are completely 
consistent. Note also that in addition to coefficients that are exactly determined above, 
the coefficient d^ is over-determined by the equations of motion but may be consistently 
solved. Hence this serves as a non-trivial check. 

With these results, we can compute the leading cj)^^^ contribution to the universal 
logarithmic term in the entanglement entropy for arbitrary boundary entangling sur- 
face. The procedure is similar to the previous section. We begin by assuming that the 
bulk surface in the absence of relevant perturbation is given by X^{x'^,t) — where 
we are again working with the gauge ( p.6|) . The back- reaction of the scalar field then 
introduces changes in the background metric A^f and also in the minimal surface 5X. 
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The former has been solved to leading order in cj)^ ' above. The latter however, does 
not contribute to the entanglement entropy to leading order because X*(x",r = p) 
extremizes the action at ^^^^^ = 0, a fact we have made used of already in the previous 
sections. Since Ag begins at r" = r^^^^^^'^, together with the measure of the minimal 
surface y/h ~ r~'^/^, the leading correction to the entanglement entropy goes like r~^. 
To extract the log-term, one needs to expand the remaining integrand to linear order in 
r. While we do not know the complete solution of X{x, r) for arbitrary asymptotically 
AdS background and boundary entangling surface, the linear r term in its asymptotic 
expansion is universal, completely dictated by fixed boundary data, independent of the 
gravity theory concerned. That is, it can also be fixed by the PBH transformations 
which yield [|l|] 

(0). (1). (1). L'^K'^ 

x\x-, t) =rixn + T rix'^) + ■ ■ ■ , r = , (s.ie) 

where is the trace of the extrinsic curvature of the entangling surface — see 
eq. ( TO - 

The leading 0^°-' dependence of the area of the minimal surface is then given by 



6A = / ci'^-V^ 5( \/^rr(0(°))det/i,,(0(o)) ) (517) 



(^'~'y ^ V ^rr det Kb I + 



00=0 



where we have defined hrr = 'ir'^hrr, hah = Thab, such that these quantities begin 
at 0(r°). Further recall that the radial integral ends at the UV regulator surface 
Tmin = 5"^ / L"^ ■ With 0*^°^ = 0, the expansion of /irr and det hij are given by [|T^ 



o (!)• o ~ (0) (0) , (1) 

hrr = L^ + 4r(X*)^ + ■ • • , det hij = det h abil + r h h ab + ■ ■ ■) , (5.1^ 



where 



(1) (1) L A (0) 

hab =3ab-j^K'Ki, g^j, (5.19) 



and g is as defined in eq. (p^), but projected on to the boundary entangling surface 

(0) . 

by contracting with tangent vectors daX^. We finally have 



L'-' .2 f,,-2...h ( {d-l){d-A) ^ ^^^^^ 



-2^7^^^ / d'^-'y'^hab [ ' c.K^K^ g., 
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This expression is now completely fixed when we apply 



Ci = -4^, d, = l, (5.21) 

which were determined by solving the equations of motion. 

We can combine the preceding results to explicitly write out this universal contri- 
bution for the case that 0(o) is a constant. With this simplification, the result (|5.20 ) 
reduces to 

i0w'¥^ '''''' 

where R and i?a° are, respectively, the background Ricci scalar and the background 
Ricci curvature contracted with Hij, the induced metric expressed as a (i-dimensional 
tensor: Hij = — n\nY Evaluating this expression ( |5.22|) for the geometries consid- 
ered in the previous section, we find complete agreement with eq. ([4.14] ). However, the 



present result is completely general and can be applied for any background geometry 
and any (smooth) entangling surface. 



6. Discussion 



Our calculations have demonstrated two interesting properties about holographic en- 
tanglement entropy. First of all, the coefficient of any universal contribution which is 
logarithmic in the short-distance cut-off is independent of the state of the boundary 
theory. Secondly, when the boundary theory is deformed by turning on a relevant 
operator, new universal contributions appear including a class of the form found in [|I| . 

Let us begin here with some discussion of the first result. The observation that 
these universal coefficients are independent of the state of the underlying field theory 
may seem trivial. As previously noted for an even dimensional CFT, the universal 
coefficients will be given by some linear combination of central charges in a general 
setting, even without holography. However, while our result is implicitly regarded as 
'obvious' in discussions of EE, a rigorous proof has not been provided. In the AdS/CFT 
framework, we were able to make the separation of data depending on the state versus 
data depending on the action very explicit, even when the boundary theory is deformed 
by a relevant operator, and it is clear only the latter data contributes to determining 
the universal terms in the holographic EE. 
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Let us point out that there is the potential to produce a contradiction with rele- 
vant deformations with low conformal dimensions. Recall that the standard approach, 
described in section ^ allows us to study A > d/2. The lower bound arises with 
im? = — (i^/4L^, which corresponds to the Breitenlohner-Freedman bound in ci + 1 di- 
mensions [|I^. However, the unitarity bound for a scalar operator in a ci-dimensional 
CFT allows for A > {d - 2)/2. To study operators in the range d/2 > A > (rf - 2)/2, 
we must use the 'alternative quantization' of the dual bulk scalar set forward in |jl8| 
for masses in the regime: 

<^'<-7T^ + T^- (6-1) 



4L2 - - 4L2 L2 

Hence in this regime then, we can choose the dimension of the dual operator as A = A_ 
and in this case, the roles of (p^^^ and ^(^"a) are interchanged. We note, however, that 
this alternate quantization does not change the powers of p appearing in eq. ( ^.131 ). In 
particular, the leading power is still given by p^-/^ However, the key difference (for 
our purposes) is that the leading coefficients appearing in this asymptotic solution are 
now related to the state of the boundary field theory. 

Hence it seems that in this situation any new universal term appearing in the holo- 
graphic EE must depend on the state. However, as we now show, there is no problem 
because deformations in this regime do not produce any such universal contributions. 



Recall from our discussion in section 2A that a universal contribution appears in the 
holographic EE when, in the expansion of the integrand in eq. ( |2.9| ), a term appears 
with r^+^t = T^2~ , Further, recall that apart from m = 0, the minimum value of m is 
2 because of the structure of the Einstein-scalar theory in the bulk. This means that 
there is a maximum value which a can have in order to produce a logarithmic contri- 
bution in the holographic EE. In particular, a logarithm will only arise for a < | — 1. 
In terms of the conformal dimension of the boundary operator, this corresponds to 
A > I + 1 or in terms of the mass of the bulk scalar, 

-^>-^ + ^- (6.2) 



However, the lower limit here is interesting because comparing to eq. ( |6.1| ), we see 
that it precisely excludes the range of allowed masses where it is possible to make 
an alternate quantization of the bulk scalar. Hence the potential problem, arising 



^^The case of A = (d— 2)/2 may still seem problematic because it corresponds to precisely the limit 
= —(fi/ (4i^) + However, this is precisely the unitarity bound for which the dual operator is 

expected to be a free scalar field. However, such a CFT would be beyond the scope of the holographic 
models which we are considering here. 
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from the interchange of the roles of the different terms in the asymptotic scalar in 
the alternate quantization, is cleanly avoided because the deformation will simply not 
generate a log 6 contribution in the holographic EE. 

While the focus of our discussion has been the possible logarithmic contributions to 
the holographic EE, these are only the least divergent terms as 5 — > 0. The expansion 
of the area ( |2.9| ) will generally produce a series of terms diverging as i/^a'-2-2n-mo 
course, the first term {i.e., with n = = m) yields the expected area law. Further, our 
analysis shows that the coefficients of all of these divergent terms are determined by 
the fixed boundary data in the asymptotic expansion, i.e., they are all independent of 
the state of the boundary theory. In the present holographic framework, the general 
coefficient will contain m factors of the coupling 0*^°^ and an integral of n curvatures over 
the entangling surface. This observation then guarantees that the mutual information 

I{A,B) = S{A) + S{B)-S{AUB) (6.3) 

for two disjoint regions A and B is free of any UV divergences in our holographic 
calculations. The finiteness of the mutual information is another generally accepted 
feature which is believed to be true in general but never rigorously proven. 

We should add that implicitly we are considering a constrained class of states in 
this discussion, e.g., the energy density of the states being studied must be kept finite. 
This constraint becomes evident with the following thought experiment: Consider the 
boundary theory with a finite cut-off 6, in which case it contains a finite number of 
degrees of freedom (if the total volume is also kept fixed). In this case, one can easily 
imagine choosing a state in which there is simply no entanglement between a particular 
region V and its complement V. That is, we seem to have removed the potentially 
divergent contributions to the entanglement entropy with a particular choice of state. 
However, the price to be paid for this lack of correlations would be that the energy 
density of such a state will be of order 1/6'^. Hence if we wish to maintain this vanishing 
entanglement in the limit 5 — )• 0, we would require an infinite entanglement entropy. 
Holographically, such a state would not be dual to an asymptotic AdS geometry and 
so it lies outside of the class of states considered here. 

In the discussion above eq. (|2.8|), we noted that the analysis in refs. [T2| provided 
a general analysis for bulk submanifolds with an arbitrary dimension k + 1. In this case, 
the second set of independent coefficients appear in the expansion of the embedding 
functions at order r^'^+'^y^. Our analysis focussed on k = d — 2, however, for smaller 
values of k, the second set of free coefficients would appear at a lower order than in the 
expansion given in eq. (p.?]). Despite appearing at a lower order, this state data does 

^■^RCM thanks Mark van Raamsdonk for an interesting conversation on this point. 
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not contribute to the coefficients of any UV divergences, in particular a logarithmic 
divergence, appearing in the calculation of the area of the corresponding surfaces. This 
occurs precisely because the dimension of the submanifold is also reduced. Hence when 
we evaluate the analog of eq. ( p.9| ), the leading power becomes precisely r~'^'^+^)/^ and 
so the state dependent coefficients will only produce finite contributions to the area 
for general k. Hence our results extend beyond the calculation of the entanglement 
entropy. For example, this analysis would apply to the calculation of the expectation 
values of Wilson lines and shows that the coefficients of any divergent terms appearing 
in such a calculation are also independent of the state of the boundary theory. 

In certain cases, no logarithmic contribution appears in the EE, e.g., with a CFT 
in an odd number of spacetime dimensions. However, the constant term independent of 
the short- distance cut-off may then still be a universal contribution to the EE 0, 0. The 
universality of this constant contribution is established for a variety of = 3 conformal 



quantum critical systems |2^, as well as certain three-dimensional (gapped) topological 
phases |]26[. However, from the discussion of the present paper, it is natural to expect 
that such a finite contribution will in fact depend on the details of the state in which 
the EE is calculated. Certainly in the holographic framework, this finite term should 
depend on ' g \j and higher order terms in the FG expansion. We have confirmed this 
expectation with an explicit calculation in appendix 0. Hence in general, while such 
a constant contribution to the EE certainly contains information with which we may 
characterize the underlying field theory, it will not be completely universal in the same 
sense as the coefficient of a logarithmic contribution. In particular then, in order to 
properly compare or distinguish theories with a constant contribution to EE, we must 
specify that this term was calculated in the vacuum state of the underlying theory. 

Of course, one of the interesting results arising from our holographic investigations 
was that relevant deformations of the boundary theory will produce new universal 
contributions to the EE, which are logarithmic in the cut-offi Schematically, the general 
form of the logarithmic contribution is an integral over the entangling surface dV: 

^unw = V li{d, n) [ d'^-^a Vh [R, K]^ /"^-^^ log fiS , (6.4) 

where n < (c? — 2)/2 , /i is the mass scale appearing in the coupling of the relevant 
operator, Hab is the induced metric on dV and [R, K]^ denotes various combinations of 
the curvatures with a combined dimension 2n. Both the curvature of the background 



^^In general, we would have to refine further our characterization of these constant contributions to 
the entanglement entropy. In particular, different regulators will modify the details of the expansion 
the EE in terms of the cut-off and hence ambiguities should be expected to appear in the definition 
of the constant contribution. 
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geometry or the extrinsic curvature of the entanghng surface may enter these expres- 
sions. The universal information which would distinguish different theories is carried 
in the pre-factors 7i((i, n). 

As noted previously, for n = 0, we have simply [R, K]^ = 1 and the integral simply 
yields the area of the entangling surface dV. In this case, this contribution matches the 
form of the universal terms ( p..2p recently found for a massive free scalar Further 
for n = {d — 2)/2, the above integral involves only curvatures {i.e., the /i factor reduces 
to one) and our expression will match the form found for an even- dimensional CFT 
P, H — see below. More generally, the presence of these new universal terms with 
n > is easily detected with simple calculations involving symmetric geometries, as 
in sections |] and ^ However, the precise form of the expressions [R, K]"^ cannot be 
determined in these calculations. However, one feature that is already evident there is 
that the combination [R, K]^ ^d-2-2n appearing in the integrand has dimension d — 2, 
which ensures that the resulting coefficient is scale free. With the more elaborate 
approach outlined in section pbhmatter, the precise form of [R, K]^ can in principle be 
determined but this is a somewhat tedious exercise. Hence we have only examined the 
particular case of a = (rf — 4)/2 for which the result is given in eq. ( ^.22|) . A feature 
of these calculations is that rather than thinking of simply a coupling constant for the 
relevant deformation, we must allow 0^°^ to be a field which various over the boundary 
geometry. This approach also highlights the connection of the entanglement entropy 
to a Graham- Witten anomaly [ll^ for the entangling surface, as noted previously for 



pure CFT's in g. We should note, however, that the spacetime dimension d and 
the conformal dimension of the relevant operator A must satisfy a particular constraint 
before the various terms in eq. ( |6.4p can appear. These constraints simply refiect the 
relations discussed at the end of section ^ where the logarithmic contribution appears 
if a term in the expansion of the area (|2.9|) with r"+"^t = r^~. Hence, for a term with 



n to appear in eq. (|6.4|) , we require 

d — 2 — 2n 

A = d with integer m > 2 . (6.5) 

m 

We might note that the universal contributions from relevant deformations typically 
appear in higher dimensions. The leading term with n = appears for > 3. However, 
the terms mixing the curvatures with a power of /i require larger values of d. For exam- 
ple, we require c? > 5 and d >7 for the contributions with n = 1 and 2, respectively. Of 
course, as we illustrated in section |3.2.2|, that a single deformation may produce more 



than one of these universal terms in higher dimensions, i.e., with d = 8 and A = 6, 
eq. ( |6.5|) can be satisfied with n = 0, m = 3 and n = 1, m = 2. 

Recall the integer m cannot be 1 above in eq. ( |6.5|) because the stress tensor in 
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the bulk Einstein equations (|2.17|) is at least quadratic in the scalar field. We might 



compare this feature of our calculations to a similar result in [37|. There, a relevant 



operator XO is introduced perturbatively in a two-dimensional CFT and it is noted that 
this deformation only begins to have effect at order because the one-point function 
(O) vanishes in the CFT vacuum. Of course, this observation extends to CFT's in any 
number of dimensions and then agrees with our result that the new universal terms 
appear with a factor of or a higher power of the coupling. However, we might 
also contrast the differences between the two situations. First, in our holographic 
calculations, we are not working perturbatively, i.e., we are not assuming that A is 
small in any sense. Further, one of our key observations is that the results for the 
universal coefficients is independent of the state of the boundary CFT and so does not 
rely on calculating in the vacuum state. It would be interesting to see if in fact these 
features also extend beyond our holographic setting to more general CFT's. 

We must emphasize that eq. ( |6.4| ) is schematic. In particular, for a given value of 
n, there may be several independent combinations of curvatures that appear, including 
both background curvatures and the extrinsic curvature of the entangling surface. Our 
result in eq. ( |5.22|) explicitly illustrates the possible complications. Further we must add 
that even when eq. (|6.5| ) is satisfied, the coefficient of the universal term may still vanish, 
depending on further details of the underlying theory. For example, if the bulk scalar 
theory, respects a discrete symmetry $ — )■ — $, the coefficient will vanish unless m is an 
even integer. It is interesting to consider how these results would change if there were 
two or more relevant deformations with different conformal dimensions. We expect 
that in fact there would be no essential changes. The asymptotic expansions would 
have to be extended to allow separate factors p"'/^ from each of the deformations and 
the nonlinearities of the bulk theory would mix these terms. However, the schematic 
structure of the universal terms would remain as given in eq. (|6.4| ) and the constraint 
on the conformal dimensions to produce a particular term would become 

^mi{d - Ai) = d - 2 - 2n . (6.6) 

Of course, one contribution, which appears irrespective of the precise conformal 
dimension(s) of the relevant deformation(s), is the term with n = {d — 2)/2. As 
noted above, such contributions are known to appear for any even- dimensional CFT 
and the universal coefficients 7 correspond to the central charges of the CFT ^. 
Even with the relevant deformation the present case, it is precisely these terms that 
appear with the central charges of the CFT that emerges in the UV regime. As was 
demonstrated in the precise structure of these terms and their dependence on the 
geometry of the boundary metric and of the entangling surface can be derived using 
the PBH approach discussed in section |[ The latter was originally derived in the case 
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where the boundary theory was a pure CFT, however, all of the same contributions 
still appear in the asymptotic expansion when the relevant deformation is turned on. 
Hence the structure of this term does not change in the case where the boundary theory 
is deformed by a relevant deformation. 

It is interesting that our holographic calculations indicate that for even d, the same 
central charges for the CFT emerging in the UV actually appear in the coefficients of 
all of the logarithmic contributions. This can be seen from the pre-factor of {L/ipY^^ 
which appears in all of our results. Since our bulk theory corresponds to Einstein 
gravity, all of the central charges are equal and we can not distinguish precisely which 
central charges appear in the various contributions. It may be interesting to repeat our 
analysis in the case where the bulk gravity theory includes higher curvature interactions 



since in principle, this would allow us to distinguish the different central charges |]38 
— see below. 

The appearance of central charges in these new universal contributions hints at 
the close relation of these new terms with the trace anomaly. As is well known, with 
even d, EE in a CFT can be directly calculated using the trace anomaly, at least 
for geometries with sufficient symmetry 0, ||, ^ H- Typically, we consider the trace 
anomaly in a curved background, where it is usually related to various conformally 
invariant combinations of the curvature However, deforming the CFT with a 

relevant operator will also introduce additional terms in the trace anomaly related to 
the coupling to the new operators ^ . While this situation has not been studied in 
detail, it is already evident that terms involving both the curvature and the coupling 
of the relevant operator appear in the trace anomaly in this situation. For example, 
the simplest such term, which arises for A = (c? + 2)/2, takes the form |^ 

{T\) = (d + r] 0(0) + ■ ■ ■ . (6.7) 



2"^ V 4(rf 

Given such a result, we can apply the approach, alluded to above, to calculate the 
entanglement entropy using the trace anomaly 0, ||, |^, ^ and we have confirmed that 
eq. ( |6.7|) does indeed yield a universal contribution to the EE of precisely the form given 
in eq. ( p.26| ). More generally, we expect that the new universal terms in eq. ( |6.4| ) are 
similarly related to new terms which the relevant operator induces in the trace anomaly. 
We hope to return to these issues elsewhere. Note that the calculations which we have 
sketched above apply to any general CFT with a relevant deformation and does not 
refer to holography. This would demonstrate that our results apply more broadly than 
to holographic field theories. 

Another framework where these aspects of entanglement entropy are easily studied 
is with free field theories. In particular, ref. [11] considered a free massive scalar in 
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a flat background with a flat entangling surface. They found the logarithmic terms 
in eq. ( |1.2| ) appear for any even d > 4 and these correspond to the n = terms in 
the general expression (|6.4| ). It is amusing to compare this result to our holographic 
results which would correspond to a strongly coupled fleld theory. The natural relevant 
operator to consider would be one with A = ci — 2, as for a scalar mass term. In this 
case, the holographic contribution appears again for any even d but for d > 6. One can 
easily extend the free scalar calculation to examples where the geometry is curved |39| 
and logarithmic terms mixing curvatures and powers of the mass also appear in higher 
dimensions, similar to the results of our holographic study. Another simple extension 
of the free fleld calculations in is to consider massive fermions . In this case. 



it appears that various logarithmic contributions as in eq. (|6.4| ) again arise in even 
dimensions. On the holographic side, it would be natural to compare to a relevant 
operator with A = d — 1, as for a fermionic mass term. In this case, the holographic 
calculations yield a logarithmic contribution for any odd or even dimension with d > 4. 
Hence this discussion again indicates that the new universal terms ( |6.4| ), which we 
have uncovered here with holographic calculations, have a broader applicability and 
also arise in calculations of EE for more conventional fleld theories. 

To close, let us observe that our analysis always assumed that the bulk gravita- 
tional theory was simply Einstein gravity and that the holographic EE was given by the 
standard Ryu-Takayanagi proposal (p^). In various contexts, it would be interesting 
to consider the addition of higher curvature interactions to the bulk theory. The mod- 
ification that such interactions would make in the holographic EE is not completely 
resolved. It is expected that eq. ( |1 . 1| ) would be replaced by the extremization of some 
geometric functional which produces the correct black hole entropy when evaluated on 
an event horizon. Recent progress was made in this direction for Lovelock theories 
of gravity P, |29|. For example, with Gauss-Bonnet gravity in the bulk, eq. (|1.1|) is 
replaced by the following: 

27r r 

S{V) = ^ ext / d^-hj Vh[l + XL^n] , (6.8) 

where TZ denotes the Ricci scalar for the intrinsic geometry on v and A is the (di- 
mensionless) coupling which controls the strength of the curvature-squared interaction. 
While the appropriate entropy functional is not known for general higher curvature 
theories, we expect that it will have the form 

See = ext / d'-'y Vh [l + f{R, K\ $)] , (6.9) 

where / is some local scalar constructed from the bulk curvature R, the extrinsic cur- 
vature of the surface K^, the bulk scalar $ (when a relevant deformation is introduced) 
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and derivatives of these building blocks. Note that eq. ( |6.8|) can be re-expressed in this 
form using the Gauss-Codazzi equations 0. Now the key observation is that in the 
FG gauge, any such scalar will admit an expansion in r beginning at order t^. Hence 
the expansion of the full integrand begins with , just as in section ^. Further, the 
PBH transformations will continue to fix the asymptotic form of the asymptotic metric 
(and scalar), as well as the embedding functions, as discussed in section ^. The only 
change is that the constants appearing at various orders may take on new values as 
the equations of motion will have changed. In any event, as in the main text, any 
logarithmic contribution will only depend on the fixed boundary data and so we expect 
that the corresponding coefficient remains state independent when the bulk gravity 
theory is extended to include higher curvature interactions. Hence our previous result 
for the universal logarithmic contribution to the holographic EE is not changed in such 
a generalized holographic framework. Further we do not expect that the basic form of 
the universal terms will change in this scenario. However, it may be useful to examine 
these expressions in, e.g., Lovelock gravity, as it may allow one to identify the specific 
central charge associated with the pre-factor {L/ipY~^, as discussed above. 
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A. Universality and Odd d 

In many cases, no logarithmic contribution appears in the EE, e.g., with a CFT in 
an odd number of spacetime dimensions. However, the constant term appearing in 
usual expansion in powers of the short-distance cut-off may still be regarded as a 
universal contribution to the EE [^. The universality of this constant contribution 



is well-established for a variety of d = 3 conformal quantum critical systems [^, as 
well as certain three-dimensional (gapped) topological phases [^. However, from the 
discussion of the present paper, it is natural to expect that such a finite contribution 



will in fact depend on the details of the state in which the EE is calculated. Certainly 

) 



in the holographic framework, this finite term should depend on * g \, and higher order 
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terms in the FG expansion. Hence in general, if we are to interpret this constant 
contribution to the EE as characteristic of the underlying field theory, we must also 
specify that the calculations were performed in the vacuum state of the theory. 

In the following, we verify that the finite term in the EE does in fact depend on 
the state of the underlying theory with a simple holographic calculation. We consider 
a boundary GET at finite temperature T and calculate the holographic EE across a 
spherical entangling surface of radius R. Working at low temperature, i.e., RT <C 1, 
we identify a temperature dependent contribution to the finite term in the EE. Note 
that this contribution is not simply the entropy density of the thermal bath multiplied 
by the volume of the ball bounded by the sphere — we comment on this point at the 
end of the appendix. 

For simplicity, we consider the GET in a flat c?- dimensional spacetime and so at 
finite temperature, the holographic dual is a + l)-dimensional planar AdS black hole. 
The metric for this bulk solution can be written as 

t2 t2 J 2 

ds' = ^ i-fiz) de + dr' + r'dnU) + ^% , (A.l) 
z-^ ^ j{zj Z'^ 

where we have introduced polar coordinates in the boundary directions and ji^z) is 
given by 

f{z) = \-[^y . (A.2) 

Note that in this solution, the horizon appears at ^ = 2;+. Further, in the limit 2;+ — )■ 00, 
we recover the AdS vacuum metric in Poincare coordinates. The Hawking temperature 
of this black hole solution is given by 

~ ^ (A.3) 
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To evaluate the holographic EE (|1 . 1| ) for a spherical entangling surface, we must 
determine the extremal bulk surface described by a profile r = r(2;) with the boundary 



condition ri^z = 0) = R, as in section |3.2| except that the bulk space is now given by 



eq. ( |A.1| ). The induced metric on such a surface is given by 



hr,R dx'^dx^ 



z^ 



r'' + l/f)dz' + r'dnl_, , (A.4) 



where the 'prime' denotes a derivative with respect to z. As a result the EE is given 
by 

S = 2n^n,_, J dz'^V^^^^njf . (A.5) 
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In the case of pure AdS (2;+ = 00) the shape of the extremal surface can be obtained 



in the closed form given in eq. ( p.22|) p, |^. However, for general z+ we did not succeed 
to find a closed analytic expression and thus we proceed perturbatively in -R/-2+ << 1. 
In light of eq. ([A.3|), this regime can be interpreted as a low temperature limit TR << 1 



(for a fixed number of dimensions d). In this regime, the extremal surface will be close 
to that in eq. (|3.22|) and so we have z < i?. Therefore we expand the integrand of 



eq. ( |A.5|) in powers of e{z) = {z/z+ 

d-l rZmax ^d-2 



T d — 1 pZmax rpd — Z . f^i ^\ \ 

S = ^d-2 dz + ^^^i^ + 0{e-)) . (A.6) 

Recall that with z+ = 00, e{z) = and, according to eq. ( |3.22| ) ( |3.22| ), the profile 



of the extremal surface is given by ro{z) = \/K^ — z^ and Zmax = -R- However, with 
e{z) 7^ 0, both r{z^ and z^ax acquire corrections 

r[z) = ro{z) + Sr{z) , z^ax = R + Sz^ax , (A. 7) 

where these corrections are at least of order e. To solve for 6r{z), we may substitute 
eq. ( |A.7|) into the action (|A.6|) and consider extremizing with respect to 6r{z). However, 



in doing so, we find that to leading order there are two contributions, one of order Sr"^ 
and the other of order e6r. Hence upon substituting the solution back into eq. ( |A.6D , 



we would find that to leading order 6r only makes contributions of O(e^) and so we 



can ignore this change in the profile. Similarly, the contribution to eq. ( |A.6|) from the 
change Szmax involves evaluating the integrand (with r = tq) at Zmax = R but this 
vanishes to leading order since ro{R) = 0. Therefore if we work only to linear order in 
e{z), we need only evaluate the second term in eq. (|A.6|) with the profile ro{z): 

Js ^^^'^2^^^^ ^ ' 2(rf + l)V^+y ^ ^ 

(A.8) 

Hence combining this result with eq. (|A.3|) , we find that 5S ~ {RTY and so we have 
found a finite contribution to the EE which depends on the temperature (state) of the 
boundary CFT. Let us also note that for two-dimensional CFT's, one can get a closed 



expression for the EE at finite temperature |^ and expanding the latter in the limit 
of low temperature reproduces precisely our correction ( |A.8| ). 

Let us consider extending the above calculation to a more general entangling surface 
to provide a general estimate for the contribution 5S calculated above for a spherical 
surface. To make progress here, it is simplest to adopt the general framework and 
notation introduced in section & In particular, we begin by adopting the usual radial 
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coordinate of the FG expansion (|2l]) 

With this choice, the asymptotic expansion of the planar black hole metric ( |A.lj ) be- 
comes 



l2 I 
4p^ p 



d-l f lV , , I I f L 



JA.IO) 

Hence as expected, we see that the leading effect of the temperature appears in g in 
the FG expansion ( |2.2| ). Now we choose some entangling surface dV in the flat boundary 

(0) . 

metric which is described by X* and there will be some bulk surface described by 

(0) . 

the profile X*(?/",r) satisfying the boundary condition X^{y"',T = 0) = X*(?/"). We 
make the same gauge choice as in eq. ( p.6| ) and then the induced metric ( |2.5| ) becomes 

hab = - daX'dbX^ g,, = -Kb . (A.ll) 
r r 

As only the spatial coordinates are relevant here, we may write 

gij ~ 5ij (1 + e(p)) where e(p) = ^ (^^^ p''^' . (A.12) 

Now following the analysis above for the spherical entangling surface, we will ex- 
pand the holographic EE in powers of e(p) and only keep the contribution that is linear 
in this term. As above, the deformation of the background metric will produce pertur- 
bations of the profile and the maximum value of p, both of which begin at linear order 
in e(p): 

X\y-, t) = Xl{y\ r) + 6X\y\ r) , p^a. = Po,ma. + Sp^a. • (A.13) 

Again, to solve for 5X*(?/",r), we would extremize the area functional with respect to 
these functions. However, also as above, we find that to leading order there are two 
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contributions, one of order 5X^ and the other of order e5X^. Hence upon substitut- 
ing the solution back into area, we would find that to leading order 5X^ only makes 
contributions of O(e^) and so we can ignore these changes in the profile. Similarly, 
the contribution from the change 6pmax involves evaluating the integrand with Xq at 
Po,max but this vauishes (to leading order) since by definition po,max is the point where 

0. 



the bulk surface (smoothly) closes off. Hence at this point, we have y/ho\ 
Therefore if we work only to linear order in e{z), we need only evaluate the variation to 
the area coming from the change of the background metric, given in eq. ( |A.12| ), with 
the profile Xq: 



P — pO,max 



6S 



27r 

<-p JdV 

2n 

nd-l , 
tp JdV 



^ pmax T 



fpmax T 

d'-'y I dr—\/ho 



(ho) 



(A.14) 



An essential feature of this result is that it is finite, i.e., the leading factor of r '^/^ 
has been canceled by the r-dependence of e. In the vicinity of r = 0, the integrand 

/ (0) 

reduces to essential the y det hab, i-e., the area measure on dV in the boundary metric. 
Hence we would argue that the y integration essentially contributes a factor of Ad-2, the 
area of the entangling surface. Certainly such a factor appears for entangling surfaces 
with sufficient symmetry, such as the spherical surface in the previous calculation. 
Similarly, the contribution of the r integral can be estimated to be roughly Pmax — 
i'^/L'^, where i is some characteristic scale of the geometry of dV which controls how 
far the extremal surface extends into the bulk. Again, for surfaces with sufficient 
symmetry, we can readily identify i. For example, in the above calculations, i is the 
radius R of the spherical entangling surface or in section |3.1|, i would be the width of 



the slab with flat parallel boundaries. Therefore up to overall numerical factors, our 
estimate of this contribution to the holographic EE becomes 



ss 



L 



d~l 



A. 



d-2 ■ 



(A.15) 



Thus, our holographic calculations explicitly demonstrate that the constant contri- 
bution to the EE depends on the state in which the latter is calculated. Hence, while 
such a contribution certainly contains information that characterizes the underlying 
field theory, we must be careful in comparing various results to specify the state {e.g., 
the vacuum) for which the calculations were performed. 

Let us consider our holographic result (|A.15|) further. Given that the boundary 
CFT is at finite temperature T, the thermal bath will produce a uniform entropy density 



-48- 



s ~ (L"'~^/£p~^) T*^"^ and so for a general region with volume Vd-i, the corresponding 
thermal entropy would be SStherm = {L'^~^ /ip~^)Vd-iT'^~^ ■ Hence comparing this 
result to eq. (|A.15|) , we see that the finite temperature dependent contribution to the 
holographic EE which we have identified does not correspond to this thermal entropy. It 
may seem that we have found a discrepancy since we should expect that SStherm should 
appear as a finite contribution in the EE ^ and in fact, it seems that this contribution 
would dominate in the low temperature limit (given that SStherm is proportional to a 
smaller power of T). However, the latter limit provides the resolution of this apparent 
discrepancy. Since we are working in the limit £T -C 1, the typical wavelength of the 
thermal excitations is much larger than the size of the entangling geometry and so it 
should not be a surprise that SStherm has not appeared in our calculations. Instead 
this contribution would be expected to appear in the opposite limit iT ^ 1. In the 
latter case, the bulk surface would extend down to event horizon ai z = and SStherm 
would naturally be produced by the portion of the extremal surface stretched along the 
horizon. 
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